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Abstract— In this paper, we considered some properties and 

characterizations of fuzzy  - ideals such as fuzzy interior  - ideals 

and fuzzy bi  - ideals of  - semi groups and investigate some of 

their properties. We also have studied fuzzy quasi  - ideals and 

fuzzy left (right, two sided)  - ideals of  - semi groups. 
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I. INTRODUCTION AND PRELIMINARIES 

The fundamental concept of a fuzzy set was introduced by 

L.A.Zadeh in 1965[4]. The concept of fuzzy ideals in semi 

groups was introduced by N.Kuroki in 1979[2]. N.Kuroki [3] 

introduced fuzzy left (right) ideals, fuzzy bi ideals and fuzzy 

interior ideals. Some basic concepts of fuzzy algebra such as 

fuzzy left (right) ideals and fuzzy bi ideals in a fuzzy semi 

group were introduced by Dib [7] in 1994. D.R.Prince 

Williams and K.B.Latha introduced fuzzy  - ideal and fuzzy 

bi  - ideal [1].  

Definition 1.1: A mapping ]1,0[: S  is called fuzzy set 

of S and the compliment of a set , denoted by 
' , is the 

fuzzy subset in S  defined  by )(1' x   

Sxallfor  . Let the level set of a fuzzy set  of S is 

defined as })(/{),( txSxtU   .  Note that  - 

semi group S can be considered as a fuzzy set of itself and we 

write SCS   i.e.  1)( xS  for all Sx .
 

Definition 1.2:Let ,...},,{ zyxS   and ,...},,{    

be two non-empty sets then S is called a  -semi group if it 

satisfies (i)  Syx   (ii) )()( zyxzyx  

  ,,, andSzyxfor . 

Definition 1.3: A fuzzy set  of S  is called a fuzzy sub  - 

semi group of S  if   )}(),({min)( yxyx    for all

 andSyx, . 

Definition 1.4: A fuzzy set   of S  is called a fuzzy left 

(right)  - ideal of S  if )()( yyx  

) )()( ( xyx   for all  andSyx, . 

Definition 1.5: A fuzzy set   of S  is called a fuzzy  - ideal 

of S  if it is both fuzzy left  - ideal and fuzzy right  - ideal of 

S . 

Definition 1.6: A fuzzy sub  - semi group  of S  is called 

a fuzzy bi  - ideal of S  if 

)}(),({min)( zxzyx    for all Szyx ,,

 ,and  

Definition 1.7: A fuzzy sub  - semi group  of S  is called 

a fuzzy interior  - ideal of S  if )()( yzyx    for 

all   ,,, andSzyx . 

Definition 1.8: Let 
1 and 

2  be two fuzzy sets of  - semi 

group S . Then 
2121   and

 
are defined by 

)}(),({min))(( 2121 aaa   and

)}(),({max))(( 2121 aaa    .  

We denote  - minimum or infimum and  - maximum or 

supremum then )()())(( 2121 aaa   , 

)()())(( 2121 aaa    

Definition 1.9: Let 
1 and 

2 be any two fuzzy sets of a  - 

semi group S . Then their fuzzy product 
21   is defined 

by











,,)}(

2
)(

1
{V

0
{))(( 21

Syxforyxaifyx

otherwise
a

yxa



 

Definition 1.10: A fuzzy sub  - semi group 
 
of S  is 

called a fuzzy bi  -ideal of a  - semi group S  if   

)}()()( zxzyx    for all andSzyx ,,

 ,  

Definition 1.11: A fuzzy set  of a  - semi group S  is a 

fuzzy quasi  - ideal of  S  if   )()(  SS
 

Based on these preliminaries we prove some results on fuzzy 

 - ideals, fuzzy bi  - ideals, fuzzy interior  - ideals and 

fuzzy quasi  - ideals of  -semi group S . 

 
II. MAIN RESULTS 

Theorem 2.1.: Let S  be a  -semi group. (i) If 
1 and 

2

are fuzzy sub  semi groups of S , then 
21    is a 
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fuzzy sub  semi group of S . (ii) If 
1 and 

2 are fuzzy 

 - ideals of S , then   
21    is a fuzzy  - ideal of S . 

Proof:     (i)  Let 
1 and 

2 be two fuzzy sub  semi 

groups of S . Then we have  )}()({)( 111 yxyx  

and  )}()({)( 222 yxyx    

Consider       

}{ )()())(( 2121 yxyxyx    

)]()([)]()([ 2211 yxyx    

)]()([)]()([ 2121 yyxx    

))(())(( 2121 yx    


21    is a fuzzy sub  semi group of S . 

(ii) Let  21  and be fuzzy  - ideals of  -semi 

group S . Then  

we have      )()( 11 xyx    ,   )()( 11 yyx     and    

)()( 22 xyx   ,   )()( 22 yyx   . 

Consider     )()())(( 2121 yxyxyx    

        
)()( 21 xx    

        
))(( 21 x 

 

                   
))(( ))(( 2121 xyx    

  21    is a fuzzy left  - ideal of  -semi group S . 

 And             

 )()())(( 2121 yxyxyx  
 

    
)()( 21 yy  

 

                                 
))(( 21 y 

 


21    is a fuzzy right  - ideal of S .  

Hence 
21    is a fuzzy  - ideal of S .  

Theorem 2.2.: Let S  be a  -semi group.  (i)  If 
1 and 

2

are fuzzy sub  semi groups, then   
21    is a fuzzy sub

 semi group of S . (ii) If 
1 and 

2 are fuzzy  - ideals 

of S , then   
21    is a fuzzy  - ideal of S . 

Proof:  Similar to the proof of Theorem 2.1. 

Theorem 2.3.: Let 
1  

and 
2 be two fuzzy bi  - ideals of a 

 -semi group S . Then  
21    is a fuzzy bi  - ideal of 

S . 

Proof:  Let 
1 and 

2 be two fuzzy bi  - ideals of a  -

semi group S . Then we have

)()()( 111 zxzyx  
, and

)()()( 222 zxzyx     for all Szyx ,, and 

 , . 

To prove that 
21    is a fuzzy bi  - ideal of S , we shall 

to prove that it is fuzzy sub  -semi group. Consider 

)()())(( 2121 yxyxyx  
 

 

   
)()([)]()([ 2211 yxyx    

 

   
)]()([)]()([ 2121 yyxx  

 

      
))(())(( 2121 yx  

 

))(( 21 yx  ))(())(( 2121 yx  
 

 


21    is a fuzzy sub  semi group of  S . 

And         

)()())(( 2121 zyxzyxzyx    

)]()([)]()([ 2211 zxzx    

)]()([)]()([ 2121 zzxx    

))(())(( 2121 zx  
 

))(())(())(( 212121 xxzyx  
 


21    is a fuzzy bi  - ideal of  S . 

Theorem 2.4.: Let 
1 and 

2 be two fuzzy bi  - ideals of a 

 -semi group of S . Then 
21    is a fuzzy bi  - ideal 

of S . 

Proof: Let 
1 and 

2 be two fuzzy bi  - ideals of a  -

semi group S . Then for all Szyx ,, and  , . To 

prove that 
21    is a fuzzy bi  - ideal of S , we shall 

prove that it is fuzzy sub  -semi group.  

Consider  )()())(( 2121 yxyxyx    

 )]()([)]()([ 2211 yxyx    

 )]()([)]()([ 2121 yyxx    

                ))(())(( 2121 yx  
 

))(( 21 yx  ))(())(( 2121 yx    


21    is a fuzzy sub  semi group of S . 

Again        

)()())(( 2121 zyxzyxzyx     

)]()([)]()([ 2211 zxzx    

)]()([)]()([ 2121 zzxx  

))(())(( 2121 zx  
 

))(( 21 zyx   ))(())(( 2121 zx    

               21    is a fuzzy bi  - ideal of  S . 

Theorem 2.5:  A fuzzy set  of a  -semi group S  is a 

fuzzy bi  -ideal of S if and only   S  . 
Proof: Let   be a fuzzy set of a  -semi group S and let   

be a fuzzy bi  -ideal of S . Then we have    

)}()({)( zxzyx     for all Szyx ,, and 

 , . Suppose zyxa     where yxb  . Then 

 Consider   )]())([())((
a
V zbSaS

zb








 

 

}{ )()]()([
ba
VV zySx

yxzb






     

               

}{ )(]1)([
ba
VV zx

yxzb






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)]()([
a

V zx
zyx







 

                           

)(
a

V zyx
zyx




  

                           
)(a  

))(( aS   )(a   

   S
 

If   zyxa  , then   )(0))(( aaS  

    S
 

Conversely, assume that   S . Then for all 

Sa      ))(()( aSa       

                        

)]())([(
a
V zbS

zb






  

 

                            

}{ )()]()([V
ba

V zySx
yxzb







 

             

)}(]1)([{
ba
VV zx

yxzb






 

                            

)]()([
a

V zx
zyx







 

 )]()([)( zxzyx    

                   Hence  is a fuzzy bi  -ideal of S . 

Theorem 2.6: Let 
1  

be a fuzzy right  - ideal of  -semi 

group S  and 
2  

be a fuzzy left  -ideal of S . Then 

21    is a fuzzy quasi  - ideal of S . 

Proof: Let 
1  

be a fuzzy right  - ideal and 
2 be a fuzzy 

left  - ideal of S . Then we have   

)()( 11 xyx    and   )()( 22 yyx   . 

consider 

)]())([())()(( 2121 a
V ySxaS

yx








 

       

]1)()([( 21a
V 


xx
yx




 

    

)]()([( 21a
V xx

yx






 

)]()([( 21a
V yxyx

yx






 

)()(( 21 aa    

))(( 21 a 
 

))()(( 21 aS  ))(( 21 a   


2121 )(   S

 


21    is a  fuzzy left  - ideal of  S . 

Similarly, we can prove that
21    is a fuzzy right  

 - ideal of S .  i.e. 2121 )(  S
 


21    is a  fuzzy  - ideal of  S . 

To prove that 21    is a fuzzy quasi  - ideal of S , 

consider  

)()()]([])[( 21212121    SS

         
)( 21  

 

)]([])[( 2121    SS )( 21    


21    is a  fuzzy quasi  - ideal of S . 
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