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Abstract:- A change of Finsler metric is L(a,B) —
Tl B — op(x) L%(a,B) .
L(aB) = e’ [T+B] called conformal Kropina-

Randers change, where ¢ is a function of position (x%)
only, a is Riemannian metric and g is a differential 1-
form. In this article we mainly concentrated on
Conformal Kropina-Randers change of a Finsler space.
The present article is organized as follows: In the first
part, we devoted to study about the necessary and
sufficient condition for a Finsler space F™ which is
obtained by Conformal Kropina-Randers change of a
Finsler space F™ with (a, B) —metric of Douglas type to
be also Douglas type. In the next part, we are discussing
the conformal Kropina-Randers change of Finsler space
with the Riemannian metric, Randers metric and finally
Generalized Kropina metric.
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I.  INTRODUCTION

The Finsler space F* = (M™,L(x,y)) is said to have
an (a,B) —metric if L is a positively homogeneous
function of degree one in two variables «a?=
a;j(x)y'y’ and B = b;(x)y'. Basically the concept of
Douglas space was introduced by S. Bacso and M.
Matsumoto [2], as a generalization of Berwlad space from
the view point of geodesic equations. A Finsler space issaid
to be douglas space if DY = Gly/—G/y' are
homogeneous polynomial in (y‘) of degree three. M.
Matsumoto [9], has found the condition that, the Finsler
space with (a, 8) —metric to be of Douglas space.

Conformal theory of Finsler space was introduced by
M. S. Kneblem in 1929 and this theory has been
investigated in detail by M. Hasiguchi [3], later on Y. D.
Lee [6]. Ichijyo Y and Hasiguchi M [4], have studied the
conformal change of (a,B)—metric. In [10], S. K.
Narasimhamurthy, Ajith and C. S. Bagewadi, studied the
necessary and sufficient condition for Douglas space with
(a, B)-metric under conformal 8-change. And also in [11],
H. S. Sukla, O. P. Pandey and H. D. Joshi worked on
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conformal Kropina change of a Finsler space with
(a, B) —metric of Douglas type.

In this article, we deduce the condition for a Finsler
space F'n which is transformed by conformal Kropina-
Randers change of a Finsler space F™ with (a, 8) —metric
of Douglas type to be also Douglas type. And also we
proved that, conformal Kropina-Randers change of a
Finsler space F™with the (a, 8) —metrics to be of Douglas
type.

Il.  PRELIMINARIES

Definition 2.1. A Finsler space is the ordered pair F" =
(M,L), where M is an n-dimensional differentiable
manifold and L is a Finsler metric defined as a function L :
TM — [0, o] with the following properties:

i. Regular: Lisc® on the entire tangent bundle T M,,

ii. Positive homogeneous : L(x,Ay) = AL(x,y); V1 =
0!

iii.  strong convexity : The n X n Hessian Matrix ;g;; =
%[Lz]l-j is positive definite at every point on
TM,where TM denotes the tangent vector y is non
zero in the tangent bundle TM.

The geodesic of an n-dimensional Finsler space F™ =
(M™, L) are given by the system of differential equations:

da?xt . dZxS dxt

=V -5y +2(Gy - Gy)=0y'=—in a
parameter t.

The function G¥(x, y) is given by

26 (x,y) = g (y70;0,F — 9;F) = vy y*

2 L? ij .

i F== and gY(x,y) be the inverse
of the Finsler metric tensor g;;(x, y) with respect to (x%).
For an (a,B) —metric L(a,f), the space R™ = (M, @) is
called the associated Riemannian space with F" =
(M™, L(a, £)) ([1],[8]). The covariant differentiation with
respect to Levi-Civita connection {y}k} } of R™ is denoted

by ())-

whered; =
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From the differential 1-form B(x,y) = b;(x)y‘, we
define:

Zri]' = bi/] + b/l' '. = a. Th] 1= b
25” =bl/] b/l,S —a Sh]S —bLS],
bt = a"b,, b?> = b'b;.

11' (2.1)

Definition 2.2. A Finsler space F™ is said to be a Douglas
space if

DY = G'(x,y)y’ — G/ (x,y)y,, 2.2)
is homogeneous polynomial in (y?) of degree three.

According to [9], a Finsler space F™ is of Douglas
type if and only if the Douglas tensor

Dl}}k = l]k (Guky + Gl]6k + G; k5h + le(sh

vanishes identically, where G/}, = Ok Gl; is the hv-
curvature tensor of the Berwald connection

Br = (G}, ],0) Gij = GJj,
and Gijk = 9,6 ij

According to [7], For a Finsler space F™ with the
(a, B) —metric, the function G'(x,y) can be written as,

2G" = yho + ZBi
i aLB * ﬂLB al’ﬂ l —E [
where,
¢+ = Blrota2es0lg) Lo 200 o (24)

2(B%Lg+ay?Laq)

Sinceyd, = v}, (x)y'y’ are homogeneous polynomial in
() of degree 2, From (2.3), we have

BY = aTZ;(Séyl —509") +%_il:lc*(b’yf —blyH (25

By means of (2.2) and (2.5), we use the following lemma
proved by M. Matsumoto [9],

Lemma 2.1. A Finsler space F™ with an (a, ) —metric is
a Douglas space if and only if BY = Biy/ —
BJyt are hp(3).

11l. CONFORMAL KROPINA-RANDERS CHANGE
OF FINSLER SPACE OF DOUGLAS TYPE

In this section, we are discussed the necessary and
sufficient condition for a Finsler space F™ which is
obtained by conformal Kropina-Randers change of Finsler
space F™ = (M™, L) is of Douglas type.

Now, let us consider F* = (M™, L) and F" = (M™, L)
be the two Finsler spaces on the same underlying manifold

M"  such that L(a&, f) = e° [%2+[)’], then F™ is called
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conformaly Kropina-Randers toF™, and the change L — L
of metric is called conformal Kropina Randers change of
(0, B)- metric. A conformal Kropina Randers change of
(a, B) —metric is expressed as

(a,B) = (&,B), where@ = e%a, B = e°p.
Therefore, we have

a; =e*’a;, a’=e2%q

IE e’b;, Ei = e“’bi

b* = b?, ' =y, 5, = e*y, . 3.1)

Thus, we have

Proposition 1. A Finsler space with (a,8) —metric the
length b of b; with respect to the Riemannian metric o is
invariant under any conformal change of (a, 8) —metric.
From (3.1), the conformal change of Christoffel symbols is
given by [3];

)7]?1{ = y]lk + 5]-iO'k + 6}550'] - O'ia]'k (32)
where ;= djo and ¢' = a'lg;.

From (2.1),(3.1) and (3.2), we have the following under
conformal change:

by; = e (by; + pa;j — a;b))

7y =e° [4/“” + pa;; —%(biaj - bjai)]

5 =e° [sij + %(biaj - bjai)],

st=e° [sji +§(bi0j - bjai)]

5 =5 +%(b20j —pb;) wherep =a,b" (3.3)

From (3.2) and (3.3), we can easily obtain the following:

Yoo = V6o + 200y" — a*a’

700 = €719 + pa® — 0y f]

Sh=e° [sé + %(bia0 - ,Bai)]

_ 1.,

So = So +5(b'oo — pB) (3.4)

Next, to find the conformal Kropina-Randers change of
BY given in (2.5), we first find the conformal Kropina-
Randers change of C* given in (2.4).

Since L(@,f) = e [%2 + ,8], we have

2LLg  +

L a = I Lga = a)z + LLaa}'
_ 72
Lg= ZBL;/; g 1,)72 = e29y? (3.5)

By using (2.4), (3.4) and (3.5), we obtain,
C*=e?(C*+D") (3.6)

Where
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D*
Z[QZﬁZLZLa + agyszLaa - a2ﬁ4La - asﬁzyzl‘aa]so
4[B*LLy + ay?(Lg)? + ay?LLaa][B?Le + ay?Lyq]
(a?L1% — 2a?BLLy — a®B?)
(b*a, — pB)
+2(pa? — auB)aBLL,
HP?LLy + ay?(Le)? + ay?LLoy HPB? Lo + ay?Loq}

(B?Ly + ay?Loa)

a?By?(La)*{rooLa—2aLgso}
4{B%LLg+ay?(Le)?+ay?LLag}{B%Latay?Laa}

(3.7)

Hence under the conformal Kropina-Randers change, B
can be written in the form:

BY = BU + CY,
Where

ii a(BZ_LZ) . . ] .
Y =i, (sby’ — sy +

2aﬁLL5+a(B2—L2){ oo(bly) — biyh) }

Wi (—pla'y) —aly)
ZLLaa Z(La)z % zLa * i ] i
[Freatar pr 4 e | by - by (3.8)

Thus, the necessary and sufficient condition for
Finsler space F™to be of Douglas type is that C¥/ are hp(3).

Theorem 3.1. Let F* = (M™, L) be a Finsler space which
is transformed by a conformal Kropina Randers change of
a Finsler space F™* = (M™, L) with the (a, B) —metric of
Douglas type is also Douglas type if and only if C¥is a
homogeneous polynomial in (y?) of degree.

IV. CONFORMAL KROPINA-RANDERS CHANGE
OF FINSLER SPACE OF DOUGLAS TYPE WITH
(a, ) —METRICS

Here, we extend our study on conformal kropina-
Randers change of Finsler space with (a,8) —metrics of
Douglas type.

» Conformal Kropina-randers change of Finsler space
with Riemannian metric:
Let F™ be Finsler space with Riemannian metric L =
a and F* = (M™,L) a Finsler space which is obtained by
conformal Kropina-Randers change of F™ = (M™,L). The
Partial derivatives of Riemannian metric are
Leg=1, Lo =0, Lg=0 4.0)

Now C* and D* are given by (2.4) and (3.7)
respectively,

x _ 700

Cr = TR

D* = 2(a?B?~p*)so+{(a?~p*)(b*ao—pB)+2B(pa’-aoB)}B*
4b2ap?

28(b2a?—-B2)r

A (42)
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Under the conformal Kropina-Randers change for
Riemannian metric, BY can be written in the form:

B  =BU + cy,

where C¥ of (3.8) can be reduced to

(B2 —a?)[2(sb yi-s{y)+{oo (by) - biy!)-p(atyi-aiy)}]
o 4B

ng@};i%@) +2‘3(a2 —,BZ)SO +,B{(6K2 —ﬂz)(bZO'O _

pB) + 2B(pa — oyf)} 2L iy — iy
(4.3)

c =

Now we have to show that C¥ is a hp(3). From the
above equation (4.3), the terms

—(Soyj —s53y') +a? ——(0 'yl —alyh) + [W_E-F
—0oB B
pe—oul 4 b | (piyd — piyty (4.4)

are homogeneous polynomial of degree 3. So these
terms may be neglected in our discussion and we consider
only the terms

Vi) = gb:; (b'yl —bliy") — Z—ﬁ(séy’ —s)y'), where V(‘B{)
is hp(3). (4.5)

The equation (4.5) can written as

2BV, — aso(biy) — biyh) + b?a(shy! — siy')
(4.6)

Take n > 2,a? # 0(modp) [9]. The terms of (4.6),
which seemingly do not contain 8 are

bzaz(sfilyj - Sgyi) —so(b'y) = bly") = .BV(Llj)

Hence we must have hp(l)V(llj) such that the above

expression is equal to azﬁZV(Ll’) Thus
b?(siy’ = sjy') —so(bly/ —=biyD) = BV, (47)

By putting V(ll’) = V7 (x)y*, the terms of (4.7) can
reduced to

b2[si i + sio) — ko — sk8p] — [(sn6) + 587 )b! —
(sn6L + s, 65)b | = thkij + kahij (4.8)

Contracting (4.8) by j = k, we have
nb%st —nbis, = b,V + b"V}". (4.9)

Again contracting (4.8) by b;b", we have
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st —sib, — s, b)) = 4 T ps,
b2 b2 llc Lbk kbl bzbrvslr bkb‘rVSlr bs

(4.10)
Again contracting (4.10) by b*, we get

b, Vi bS = —b?st, provided that b? # 0. (4.11)
Plugging (4.11) in (4.10), we have

b,V = b?s. — s, b'. (4.12)

Again Plugging b,.V;i" from (4.12) in (4.9), we have
b2, = —— Vb, + bis,, (4.13)

Suppose if we plug Vi = ﬁw’r, then the terms of

(4.13) can be written as b?s} = v'b,, + b's, which implies
b%s;; = v; b; + b;s; , where v; = a;;v/. Since is skew-
symmetric tensor, we have v; = —s; easily. Thus

sij = 1/b* (b;s; — b;sy). (4.14)

Thus, we have

Theorem 4.2. A Finsler space fn(n > 2) which is
obtained by conformal Kropina-Randers change of a
Riemannian space F™ with b? = 0 is of Douglas space if
and only if (4.14) is satisfied.

» Conformal Kropina-Randers Change of Finsler Space
with Randers Metric:

Let F™ be a Finsler space with Randers metric L =
a+p and F = (M"L) be a Finsler space which is
obtained by conformal Kropina-Randers change of F" =
(M™,L). The Partial derivatives of Randers metric are

Ly=1 Ly =0, Lg=1. (4.15)

According to [9], Finsler space with Randers metric is
Douglas space if and only if s;; = 0.

Now C* and D* are given by (2.4) and (3.7) respectively,

* _ &Too
Cr = 28"
D* =
apB[(a®-2ap?)(b2ag—pB)+(2aB+2p2)(pa’-oop)|—2a%(b2a?—B2)roo0

4B (b%2a3+B3) !
(4.16)

Under the conformal Kropina-Randers change for
Randers metric, BY can be written in the form:

—ij . .

B =BY +(CY,

where C¥ of (3.8) can be reduced to
aB(b2a3+B3)(2ﬁ2—a2){”°(b‘y’—b’y‘)_}

B(o'yI-alyt)
ci = +2a3(B3+a,82)r00(biyj—bjyi)
4p2(a+p)(b2a+p3)
n a3{(a®p-2ap?)(b20o—pB)+(2ap?+2p3)(pa’-oop)} (biyj _
42 (a+p)(b2a+p3)
bjyi). 4.17)
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Now we have to show that C¥ is a hp(3). The terms
of (4.17) can be rewritten as follows:
4% (a + B)(b%a® + B3)CY + af(a? — 282) (b?a® +
B*){oo(b'y! — bly") — B(a'y! — oy} — 2a° (ap? +
B3)roo(b'y’ — bIy*) — QS{(QS,B - 2“,[_;3)(b200 —-pB) +
Qap? +2p°%)(pa* — oy f)}(b'y’ — bly') = 0.
(4.18)

Since a is irrational in (y%), the terms of (4.18) gives
rise to two equations as follows:

(2b%a*B? + 4B°)CY + (b?a®B — 2b%a*B3){o,(bly’ —
by = Bla'y! — aly")} — 2a* B?ree (b'y’ — bIy") —
a*{(a’B — 2ap®)(b*ay — pp) + 2af*(pa® —
o)}y’ —by) =0, (4.19)

(42 + 4b2a?)CY + (a2B — 28°){a,(b'y) — biy') —
B(oly) — iy} — 2a?r,,(biy) — biyt) — .20{2{(0(373.—
2aB3)(b%0cy — pB) + 2aB*(pa* — o, )} (b'y’ — b/y") =
0. (4.20)

Eliminate C¥ from the above two equations, we have
(4b*a® — 8b*a®B? — 4a? B + 8%) {0, (b'y’ — biy) —
B(a'y —alyH)} + [8a?B3(B* — a?)rye + {8a* 3 (B —
a?)(pa? —ayB) + (4b%a® + (4 — 8b?)a®p? —
8a*)(b?a, — pBY(b'y) —bIy) =0 .

4.21)

Suppose for n > 2,a? # 0(modp), the terms of
(4.21) which seemingly does not contain a? as a factor are
8B%{c,(bly/ — b/y') — B(aly’ — a/y")}. Hence we must
have a hp(0), V¥ (x) such that,

{o0(by! = biy)) = B(o'y) = gy} = 2V ).
(4.22)

The terms of (4.22) can be written as .
[(0,8] + 0,8 )bt = (0,8% + 0,6L)b7] — [(Br6] +

by8))8 — (8L + by 8L)87] = ap VY . (4.23)
Contracting (4.23) by j = h, we have

n(oxb' — byat) =V} . (4.24)
which implies

Vij(x) = n(b;0; — b;o;). (4.25)

Thus, we state that

Theorem 4.3. A Finsler space fn(n>2) which is
obtained by conformal Kropina-Randers change of a
Finsler space F™ with the Randers metric of Douglas type
remains to be of Douglas type if and only if (4.25) is
satisfied.

» Conformal Kropina-Randers Change of Finsler Space
with Generalized Kropina Metric:
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Let F™ be a Finsler space with Generalised Kropina
m+1 —_ —
metric L = “ﬁ—m,m #0,—1andF = (M™ L) be aFinsler

space which is obtained by conformal Kropina-Randers
change of F™=(M",L). The Partial derivatives of
Generalised Kropina metric are

_ (m+1)am am 1 m+1

L, = G Ly, =m(m+1)

a
Bm+1

S Lp=—m

(4.26)

Now C* and D* are given by (2.4) and (3.7) respectively,
« _ _a{(m+1)Broo+2ma®sy}
T 2(m+1){mb2a?—(1-m)B2}’

(1-m)a3m+483 ymp2a3m+6g
m—1)aM*2g2M+5 _p p2 gm+4 g2m+3
D* = 53? 22_32

p3+(m+1)p(b2a®-p2)
4(m+1)2ama2m+1{ +mpB(b2a?—p?) }
a™{mb2a2—(1-m)L?}

2(m+1)[+(

+
(@2MH B 2ma? Mt g g2 g2MmA3)(p2 g, —pﬁ)]
+2(m+1)a?™m*+2p2
(m+1)a™{mb%a?-(1-m)B?}
ﬁ3+(m+1)ﬁ(b2a2—ﬁ2)}

4(m+1)2ama2m+1{ +mp(b2a?-p2)

a™{mb2a2-(1-m)B?}

2(m+1)2(b2a?-B2)a@m+2) ga™{(m+1)Broo+2ma? sy}
4(m+1)2aMa?™ B3 +(m+1)B(b2a?-B2)+mB(b2a?-B2)} -
a™{mb2a?2-(1-m)B?}

Under the conformal Kropina-Randers change for
Generalised Kropina metric, BY can be written in the form:

—i

B’ =Bi +cl :
where C¥ of (3.8) can be reduced to

4(m + 1)2a?™ma®™1B{B3 + (m + 1) (b%a® — B?)B +

mB(b*a* — B*)p}mb?a* — (1 —m)B}CY =

(m + 1)a2m+1{ﬂ2m+2 _ (Zm + 1)a2m+2}{mb2 2 _

(1 —-m)B*HB® + (m+ D(b?*a® — f*)B + mP(b?*a® —

BHBHo,(b'y) —by) — B(aty’ —a/y)} +

2(m + 1)a2m+1{ﬂ2m+2 _ a2m+2}{mb2a2 _

(1 -m)B*HB® + (m+ D(b?*a® — f)B + mP(b?*a® —

BB} (sby’ — sy¥') + @m + Da™ ! [2(m +

1){(1 _ m)a3m+4ﬂ3 + (m _ 1)am+2ﬂ2m+5 +

mb2a3m+6,8 _ am+2ﬁ2m+5 _ ranam+4ﬁZm+4—}SO +

(m + 1)am [{a2m+4ﬁ + 2ma2m+4ﬁ _ a2ﬁ2m+3}{(m +

Da™Prye + 2ma™ s} (b'y) — b/yH)] + +2(m +

1D2a*™3{(m + 1) fryy + 2ma?s B3 + (m +

D®%a® = 2B +m(b*a* — pHNb'Y —b/y) =0
(4.27)

Now we have to show that C¥ is a hp(3). Suppose for
n > 2,a® # 0(modp), the terms of (4.27) which
seemingly does not contain 8 as a factor are {m(m +

D@2m + D)b%a*™7 so(bly) — b/y!) —m(m + 1)(2m +
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Db*a*™*7(siy/ —sly')}. Hence we must have a

hp(1), V) such that,

so(blyl — by — b2(shyl —slyl) = [)’V(if). (4.28)

Let V(ilj) = V7 (x)y*, then the terms of (4.28) can be

written as

[(546] + 5,.60)b" — (5,6% + 565 )b7 ] — b?[sL6] +

st8) —si8) — skl = bV, + b VY. (4.29)
Contracting (4:8) byj =k, we haye

nb's, —nb%st = b,V + bV, (4.30)

Again contracting (4.29) by b;b", we have
—b2(b%s\ — sib, — spb%) = b2b,V{" + by b, Vi bS.

(4.31)
Again contracting (4.31) by b*, we get
b, ViT bS = —b?s!, provided that b? # 0. (4.32)
Plugging (4.32) in (4.31), we have
b, Vi = s,b' — b?s. (4.33)
Again Plugging b, V™ in (4.30), we have
b2si = bis, — ——Vib,. (4.34)

n-1

Suppose if we plug Vi = ﬁw’r, then the terms of (4.34)
can be written as b2s) = b's, — v'b, which implies
b?s;; = b;s; —v; b, where v; =aq;;v/. Since is skew-
symmetric tensor, we have v; = s; easily. Thus

1
Sij = b_Z (bl‘Sj - b]Sl) (435)

Thus, we state that

Theorem 4.2. A Finsler space fn(n > 2) which is
obtained by conformal Kropina-Randers change of a
Riemannian space F™ with Generalised Kropina metric of
Douglas space remains to be of Douglas type if and only if
(4.35) is satisfied.

V. CONCLUSION

Let F* = (M™ L) be a Finsler space equipped with
the fundamental function L(x,y) on the smooth manifold
M™. Let B =b;y' be a one form on manifold M™",

_ 2
then L - %+ B is called Kropina-Randers change of
_ 2 — —_
Finsler metric. If we write L — % + B and F = M™, L),

then the Finsler space F' is obtained from F" by Kropina-
Randers change.

For this Kropina-Randers change, we are applying the
conformal theory. i.e., F* = (M™,L) and F = (M"L =

2
%+ﬁ), be two Finsler spaces on the same underlying

manifold M™. If o(x) be a function in each coridinate
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neighborhood of M™ such that L(@, ) = e°™ [%+ﬁ],

then F™ is called Conformaly Kropina-Randers to fn, and
the change L — L of metric is called conformal Kropina-
Randers change of (a, 8)- metric.

From the above concept, we are trying to generalise

the condition for a Finsler space F which is obtained by
conformal Kropina-Randers change of Finsler space F™ of
Douglas type to be also Douglas type. And also we are
discussed conformal Kropina-Randers change of Finsler
space with particular (a, 8)- metric is of Douglas type.
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