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Abstract:- The purpose of this paper is to present
different fractional order derivatives and inequalities
that are commonly used in the literature, especially in
Riemann-Liouville sense of Fractional inequalities in the
context of g-calculus. In this current work we have
presented some new inequalities related to the Riemann-
Liouville Fractional inequalities in the context of Q-
calculus. Fractional calculus explores integrals and
derivatives of functions involving non-integer order(s).
Its application to Quantum calculus (g-Calculus), on the
other hand focuses on investigations related to calculus
without limits.

In recent times, these aspect of mathematics has
attracted the attention of many researchers due to its
high demand for solving complex systems in nature with
anomalous dynamics. We therefore, introduce some new
inequalities related to Riemann-Liouville fractional
integral inequalities with limist via g-Calculus

Keywords:- Riemann-Liouville, Fractional calculus, g-
Calculus, limits 2010.

I INTRODUCTION

Recently, fractional inequality has been used to
enhance understanding in solving and describing various
problems in Mathematics, especially rational differential
equations and inequalities. It is worth stating the that since
the integer-order integrals and derivatives, do not always
apply adequately in many cases, in the current mathematical
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models, rational order derivatives come with reasons of
fixing the identified gap.

Fractional calculus explores integrals and derivatives
of functions which involve non-integer order(s). Fractional
calculus is seen as the branch of Mathematics which
generalizes the integer-order differentiation and integration
to derivatives and integrals of arbitrary order. So many
extensions have been attemped on some important formulae
using fractional calculus. Researcher in these category
include; Kilbas (2001),Kilbas et al. (2006) Annaby and
Mansour (2012),0ldham and Spanier. (1974), Usta et al.
(2017),Yanga (2015), Atangana and Secer (2013), and the
reference therein.

It is very important to note that all the fractional
derivative order definitions have their pros and cons. We
therefore include Caputo derivatives for the purposes of
comparison. We will then employ Quantum calculus (g-
Calculus) on the in our effort to refocus on investigations
related to ’calculus without limits’.

1. PRELIMINARIES

In this section we seek to explore some basic
definitions as well as formulas which are necessary in this
current work. There exists a vast literature on different
definitions of fractional derivatives. The most popular ones
are the RiemannLiouville and the Caputo derivatives. For
Caputo we have

and for the case of Riemann-Liouville we use the following definition:

g op n— r\ldf()
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We proceed with the rest as follows:

Definition 2.1. Let f € Li(a,b), then the Cauchy formulae is given by

[ (z—t)" " f(t)dt 3

T —1
f [ [ f(t)dtdey...da, 1y =
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forne Nand a € R*.

The Riemann-Liouville fractional integrals are defined below.

o A LL‘* lrdt,z > a
1840(0) = g5 [ (=0 f(0aeo > "

and

I f(z) = FL) / (t— 2)° L f(t)dt, z < b

(e) o,
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From 3, let n = q, for a € R, and (n — 1)! = I'(e) proofs (4) and (5). Oldham and Spanier. (1974) The following are some
properties of the Riemann-Liouville fractional integrals.

Definition 2.2. Let o, € R and f € (a,b) then
fot2if(a) = L E @) = 1P f2)  (p)

This property is usually called semi-group property.

Definition 2.3. Let « € R"and f(x) is integrable, then

D315 f(x) = f(z) (7)
Lemma 2.1. Annaby and Mansour (2012) Let f € (0,a] and a € R* for all x € (0,%]. Then

Jm L@ =) g

In the theory of g-calculus, Ernst (2012) for a real parametera q € R"\1, a g-real number[a]q is defined by lalg = % (a €R),

Suppose (a — b)<is a power funtion, then the g-analog of this power function is given by

k-1
@-b)®=Y@a-bq) (9

i=0
where (k € N;a,b € R)

(a) _ (b/aig) oo . _ (a;9)—o0
(a =) =a (@®b/a:0)00, and (@) = e,

The natural expansion to reals are define by
From Jackson (1910) we state the following equations. The g-diferential defined as
dqf(x) = f(ax) — (x), (10)

and
The g- derivative is defined as

dq f(gz) _ flgz) — f(x)
dgx (g— Dz (1)

Dyf(z =

Dqis a linear operator. Thus

D0 f(2) + ba(a)) — 2(@2) + bolaw) — af(@) — by(a)

(¢- Dz | (12)
[@)) _ 9@)Duf (@) — f(@)Dag(x)
D (.g(r)) 9(@)g(a) | (13)
dy ., Cdeg o dof
dq—l (f(@)g(x)) = flo) == + g(-r)ﬂ_ 14)

IJISRT20SEP451 WWW.ijisrt.com 1378


http://www.ijisrt.com/

Volume 5, Issue 9, September — 2020 International Journal of Innovative Science and Research Technology
ISSN No:-2456-2165

The Function F(x) is g-antiderivative of f(x) provided DqF(x) = f(x) Thus the g-antiderivative is defined as
4
F(x) = f(x)dgx. (15)

For definate integral, it is defined as
b b a
[ 1@ = [ @i [ 1@z

where [a,b] are the limits of the integral. Similarlly, the g- analog of the integration by parts is defined as

(16)

b

| @) Pag) @)z = F000) — f@gla) - [ ' 9(q2) (Do f) f (@) dge a

Also see Oney (2007) Hasan et al. (2019),Iddrisu (2018),Nantomah (2017) Nantomah et al.
(2018),Freihet et al. (2019); ?Ajega-Akem et al. (2019).

Definition 2.4. Let o € C the Euler Gamma function define by

M) = mc_tt“‘_ldt
0 (18)

Definition 2.5. Let z,w,e C for all Re(z) >0 and Re(w) >0, then

B(z,w) = fl N1 — ) e

Jo (19)
and

T'(z)(w
B(Z, T”) = ]S(z)-l-(u‘))

Definition 2.6. Let f(x,y,z) be a contineous and integrable funtion with respect y and z, then the change of order of integration is
given by

| / f F(y, 2)dzdy = f 3 / " [y, 2)dyds 0)

1. RESULTS AND DISCUSSION
We start this section with the following lemma.

Lemma 3.1. Let f € Li(a,b), then

- 1 ) b 1
7€) = grgay Jm, [ (=7 far o
for all t 6= £and (a,b) € R.
Proof. Adding (4) and (5) yields

IS f€) + I f(€) = 1y [o (€ =0 (e +
s SR - e (. -

for £ < b,¢> a,R(a) >0.

Taking limit as o — 0+, yields
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Jim 02O+ 5 £©) = i (1o o+ s | h(t—ﬁ)a_]f(t)d.t)
(23)

Jim I3 f(©)+ lim T F(E) =

im (s JEE -0 (Ddt+ =5 [HE - f(1dt)  (24)

a—04

Applying (8) we have

3 b
1O +10 = Jim (55 [ €- 0" @i+ / (t- " o)

a— 04 (25)
Leta=2n-1,forn=1.2,.., then (¢ —t)* 1= (t— &L
Implies
— 1 : ¢ a—1 b a—1 (26)
2f(&) = ) Jim ([ (t =& f(t)dt + /f (t—¢) f(t)dt) 27)
Hence
y 1 b a—1
2f(8) = I'(a) (yhj%]+ (/ (t-2¢) f(t)dt)
O
Corollary 3.2. Let f be a continuous function on (a,b), then
1 b
IGEERTY / F(t)dr. o

for all tq 6= ¢and (a,b) € R.
Proof. From (28), put o = 1, then the corollary is proved as required. O
Lemma 3.3. Let f € Li(a,b), then

b

|(t = &) f(t)at

1
1) < 31y ot /, (30)

for all t 6= £and (a,b) € R.
Proof. From (25) let o =2n, forn=1,2,...
then (t— &)« 16= (& —t)* thut |(t — )| = |(£ —t)| asrequired. O

Theorem 3.4. Let f be a continuous function on (a,b), then

7€) = sy lim Da((t = 9@V) (L2558 — (L.eh)(O) + Una))(V))

(31)
Proof. Applying g-integration by parts to (28) we have
18 = 55 (O) Jim | (=) T f(O]a — o= glta =) T x (L —a)t 3 q“’f(q"’t)lﬂ) (32)

(1=0)

F(€) = gy Jim ([(t— €)' f(0)]a) -

ar q(u) hm ([O‘ — 1g(tg =€) *(1 —q)b Zin Q'j.f(fl'jb)) (33)
o Jim, ([a —1ytg = €21 — a2 ¢’ f(da)) (34)

1) = sty Jim (=911 (0)12) = o= Ualta — 7721 = b T30 ¢ F(a70)) +

oy Jim ([l = 1alte = ©°72(1 - Qa T2 ¢ flda)) -
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Dy((t =) ) = [a — 1,(tg — £)**
I(§) = zrq(c,) L ((( -6 f®a) - Dq((f*&)("””)(Iq.zf)(t)) +

sty Jim (Dal(t = @)L f)) (35)
This simplifies to
7€) = gy Jim Da(t = @) (W02l — (1,e/)(0) + Laa (D) 36)
as required. O
Theorem 3.5. Let f be a continuous function on l(a,b)J, then for all o = 2n,
1) < grkay Jim Dal((t = 1Y) (LBl — (16 £)(8) + Uaaf)(1) @7
for all t 6= £and (a,b) € R.
Proof. Applying g-integration by parts to (30) gives
1(€) < gy Jim (18— 17 F(]2) — Dall(t = 1" Tae () +

m(hm (Dy(|(t =1 N Uga (1)) -
(38)

Simplifying this prove the theorem.
V. CONCLUSIONS

In this write up, some new inequalities involving
Riemann-Liouville fractional integral inequalities using g-
Calculus, were presented. The research results established
was realised through a property usually called semi-group
property coupled with applying g-integration by parts and
simplifying yielded the desired results.
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