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Abstract:- Prime number distribution is a
fundamental concept in multiple areas such as
cryptography and statistical analysis. In this paper,
we have developed a highly close approximation of the
probability of primes in a finite integral domain for
higher order range of [0,10000]. Through rigorous
mathematical derivations, we have established up- per
bound and lower bound probability limits. Linear
regressions observed through graphical representations
showcase prime prob- ability distributions between the
respective modular differences of upper and lower limits
of probability with the actual probabilistic values. The
observed convergence between the actual probability
of primes and the developed relation represented by
graphs val- idates the propositions. This convergence of
the proposed limits contributes a deeper understanding
of prime number distribution in finite integer domains
which is being reported for the first time in this
study.
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Linear Re- Gression, Approximation, Order Ranges.

l. INTRODUCTION

An integer >2 which can be only divided by 1 and
the number itself is known as a prime number [1]. The
fundamental theorem of arithmetic which factor- izes
each integer into a set of unique primes amplifies the
definition of a prime number [2]. There are two foregoing
interpretations of probability: Frequentist probability and
Bayesian probability [3], the former interpretation
categorizes the probability of an event as the culmination
of the results of repeated exper- iments; which means the
probability of an event is obtained by the repetition of
experiments for that particular event. The latter
interpretation categorizes probability of an event as
subjective or as an individual’s belief that this is the
likelihood of the event happening.

The Prime Number Theorem formalizes the idea
that the existence of prime numbers within large positive
integers is not very common. The theorem was first
proved by Jacques Hadamard and Charles Jean de la
Vall’ee Poussin in 1896 [4, 5]. The interest in prime
distribution within integers had its inception as a result of
Euclid’s theorem [6] which was followed through a more
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sophisticated proof by Euler [7] which visualizes the
addition of reciprocals of prime numbers [8].
Furthermore, the speculation regarding the distribution of
primes by the 14-year-old Carl Frierdrich Gauss when he
examined a table that listed all prime numbers below
102,000 led to his approximation for the density of
primes [8]

1
logn

As When more tables were available, Gauss further
developed his hypothesis and formalized the density of
primes in the expression as follows:

Y dn
5 logn

In the first number theory textbook, Adrien Marie
Legendre gave a similar approximation for the density of
primes and used a constant in the denominator to
determine the closest approximation for the density of
primes.

T

log x — 1.08366

[8] which is stated as Legendre in the 1808 edition
of his book [9], gave another conjecture on the arithmetic
progression of prime numbers which stated that the
difference be- tween any natural number and its
predecessor is constant. The progression was suitable for
infinitely many numbers except the number 2 and the odd
primes can be represented in the form of 4n+l1 and
4n+3. Neither Gauss nor Leg- endre gave any proof or
showcased how they reached these approximations or
conjectures. Although, in 1837 Peter GuStav Lejeune
Dirichlet proved Legen- dre’s conjecture; which is now
known as Dirichlet’s theorem of the infinitude of primes
in arithmetic progressions [8, 10]. It wasn’t till 1848 that
a profound step towards the proof of the prime number
theorem was given by Pafnuty Lvovich Chebyshev. The
Russian mathematician postulated that the equation has a
limit x which tends to infinity [11].

WWW.ijisrt.com 1795


http://www.ijisrt.com/

Volume 8, Issue 12, December — 2023

_ mlx| % log x
lim [ ] g =1
r—r 0 o

Chebyshev was unable to prove that the ratio tends
to 1 for the given limit, although he further theorized it
into a finite integral limit. Furthermore, Chebyshev’s
functions [12] became the base for the proof of the
prime number theorem. In a series of final attempts by
various mathematicians, Georg Friedrich Bernhard
Riemann made the next significant step towards proving
the theorem. He speculated that Euler’s product identity
would help in proving the theorem since the RHS side of
the identity involves primes [13]. Furthermore, Riemann
replaced the exponent s which was greater than the
number 1, with a complex exponent with the same
symbol. Riemann develgped the equation s = ¢ + ti

where ¢ and t are natural numbers andi =1 [14] and
used this notation. Riemann connected the distribution
of primes with the properties of (Js], where (
determines the function of the variable s, and represented
it by the infinite series [15]:

sl =S 1/m

n=—1

Further, Riemann showcased the relation between
the distribution of primes and the location of the zeroes of
the zeta function i.e., the points in the complex plane at
which {[s] = 0. The prime number theorem could now be
proved by showing that there were no zeroes of the zeta
function on the line where ¢ = 1 On the strategic basis of
Reimann, Jacques Hadamard and Charles Jean de la
Vall“ee Poussin in 1896 showed that there were no zeroes
of the zeta function on the line o = 1 [16].

It is to note that the prime number theorem describes
the asymptotic relation for all primes <x as * [17]. It
states that the average density of primes forlog x ylarge

positive integral values is approximated as the ratio log
x - Inducing from this, the density of primes for very
large numbers gradually decreases, which inversely

results in the approximated value for the probability that
a number is prime also decreases [18].

The prime number theorem’s assertion [19] is
presented below; one of its first elementary proofs was
given by Atle Selberg [20]:

lirm 7 (x) — 1
z—oc x/ log a

(1)
By using the Prime Number Theorem (1), we can

find the probability of primes in an interval set; however,
the values deviate with large errors for higher order range.
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In this study we use analytical data to develop a
relation which gives the probabilistic value of primes
within a finite integral domain for higher order range,
with minimum errors. The results are proved by
mathematical deriva- tion and graphical representations
respectively. This work provides a valuable probabilistic
framework for prime number distribution analysis,
enhancing pre- dictive accuracy in various mathematical
and computational contexts. The approximations
showcased in this study have been observed for the first
time and gives the most accurate estimates for the
probability of primes within a finite integral domain.

1. METHODOLOGY

The research topic was undertaken when we noticed
that the probabilistic value of all ratios in the interval sets
like [0,1], [0,2],. [0,100] can never exceed the ratio ! ;
this set up the upper limit for our proposition which was
later proved by rigorous mathematical derivation.
Following the similar technique used for finding the
upper-limit, we discovered the lower limit for the
probability of primes within an interval set. Later
proved, by using Bertrand Chebyshev theorem [21].
The modular difference between the lower limit and
actual value of the probability of primes within an
interval set was calculated via a python code and a
graph of the expressions was plotted by taking the
numerator as the x-axis and the denominator as the y-axis
for 10,000 numbers. Similarly, the modular difference
between the upper limit and the actual value of probability
of primes was calculated and a graph was plotted by
taking the numerator as the x- axis and the denominator
as the y-axis for 10,000 numbers. The main result was
obtained by equalising and approximating the upper-
value modular difference and the lower-limit modular
difference to the actual probabilistic value of primes
within an interval set. The proposition has been backed
up by analytical data for 10,000 numbers.

1. RESULTS AND DISCUSSIONS

» Theorem 3.1:
Probability of prime distribution in a closed set of
natural num- bers [0, n] is always less than *

e Proof:

Suppose n is an even number then total number
of odd numbers in closed set is " and as 1 is not
prime and 2 is a prime, assuming those odd numbers

are primes then maximum probability of primes in set [0

< 1 then 5557 < 3 for all

T
n] is 2(n+1) and as =T
even numbers n.

If n is odd then the total number of the odds in the setl

[0, n] is 2=t +1 = ™1 Assuming that all those odds are
n+l __ 1

primes we get 2(n+1) 2 But we know after 7 no

such odd number exists where all the odds before it are

primes. Hence the number of primes n + 1 for n > 9,

thus again the probability of primes when n is odd is
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1
= 2 'Therefore, only three such values of n exist when
1

) 1
probability is 2 and all other values are strictly = = -

e Corollary:

The following theorem is based on the foundation of
the Bert- nard Chebyshev theorem which is proved by
Shiva Kintali [22].

Bertnard Chebyshev theorem: Bertnard’s postulate
states that for every natural number n, where n > 1
there exists atleast one prime number for n < p < 2n
[21]

» Theorem 3.2:
Given an integer n, let 2¢ be the largest power of 2
less than or equal to n. Then, the lower limit is:

I
2k +1°

e Proof :

By Bertrand-Chebyshev theorem we know there is
I

atleast one prime number in the set (5’ :I:]where xe N
so the total number of primes in the set [0, n] can be
found by the number of such intervals by first finding the
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closest 2power below n and then the least number of
primes possible in that range would be the power of 2

which we have found. This results in finding the
K
Fi1-
probability for [0, 2] which is

The following conjecture relates the modular
difference of the lower-limit value and the actual value of
the probability of primes within a number set.

» Conjecture 3.3:

When we plot the probability values on a scatter
plot taking the numerator as the x-axis and the
denominator as the y-axis we find that graphed points
fall under a linear region, as shown in Figure 1.

m(z) k
r+1 2841

-
)

The numbers in Figure (1) to Figure (7) were
obtained via a python code. Figure (1) and Figure (2)
have been plotted for 10,000 numbers which were ob-
tained from equation (2) and equation (3), whereas Figure
(7) has been plotted for 5,000 numbers which were
obtained from relation (4).
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Fig 1 Variation of denominator of the formalization with variation of nu- merator of the formalization (refer equation 2).

In accordance with Proposition 3.3, Figure 1
prominently illustrates a lin- ear ascending segment,
wherein all data points are, essentially, constituents of
both the numerator and denominator. This phenomenon
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is observed for n over the initial 20000 numerical values,
signifying a fundamental mathematical re- lationship of
numerator to denominator which can be approximated to
a fixed ratio.
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Fig 2 A Detailed examination of higher magnitudes n in the preceding graph.

Figure 2 serves as a magnified representation,
focusing on a narrower range of n values spanning from
9800 to 10000. Within this constrained interval, the graph
consistently reveals a linear ascending pattern. Notably,

as the numerical values increase, a convergence occurs
between the points constituting both the numerator and
denominator, resulting in the emergence of a distinct,
sharply defined linear region.
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Fig 3A Detailed examination of lower magnitudes n in the preceding Graph.

Figure 3, constructed for the range of n values from
0 to 200, initially por- trays a discernible yet not highly
defined linear region. However, it is imperative to note
that as we extend our analysis to encompass larger
magnitude numbers, the observed linear region
progressively sharpens and becomes more pronounced. This
trend underscores the dynamic nature of the relationship
under investiga- tion, with the degree of linearity
intensifying as we approach higher numerical
magnitudes.
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The following conjecture relates the modular
difference of the upper-limit value and the actual value of
probability of primes within a number set.

> Conjecture 3.4:

When we plot the probability values on a scatter
plot taking the numerator as the x-axis and the
denominator as the y-axis we find
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Fig 4 Variation of denominator of the formalization with variation of nu- merator of the formalization (refer equation 3).
that graphed poin4ts fall under a linear region, as shown in Fig 4.

Figure 4 represents the plot of both the numerator
and denominator of the difference, as per Conjecture 3.4.
Much like the preceding graphs encompassing n values
over the initial 10,000 numbers, this graph likewise
exhibits a discernible linear region, consistent with the

principles elucidated in Conjecture 3.3. This observation
underscores a recurring pattern, emphasizing the
establishment of a clear relationship between the
numerator and denominator.
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Fig 5 A Detailed examination of higher magnitudes n in the preceding Graph.

Constructed for the interval of n values ranging
from 9800 to 10000, Figure 5 consistently reveals a
linear ascending region. Notably, the data points com-
prising this linear segment are closely clustered, forming
a remarkably sharp and well-defined linear region. This
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pronounced alignment of coordinates un- derscores the
precision and significance of the observed mathematical
pattern within the confines of this particular range,
providing valuable insights for our analytical
considerations.
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Fig 6 A Detailed examination of lower magnitudes n in the preceding Graph.

Figure 6 serves as a magnified rendition of the
graphical representation eluci- dated in Conjecture 3.4,
focused specifically on a range characterized by smaller
magnitude numbers. Comprising n values within the first
200 numbers, this graph, akin to its counterparts, initially
exhibits a discernible linear ascending region.

wir)

| = Ry
r+1

e | b

As we extend our examination to encompass a wider
magnitude range, a salient trend emerges: the graph
progressively evolves to form a more conspic- uously
defined and sharp linear region.

The relation between the upper-limit and the actual

value of the probability of primes can be stated as
follows:

(3)

From Conjecture 3.3 and Conjecture 3.4 we can approximate a ratio which is inverse of the slope of the line around
which all the points lie. From this we can make a relation between the actual probability of primes in the set [0, n] to the

k
lower limit 2k"‘land the upper limit

(3)-

From Equation (2) and (3):

i ) k
@ __* |_g
r+1 2k ]
1 Wl
1 =lz) — R,
2 41 -

Based on Equations (2) and (3), we are able to derive the mean value of the probability associated with the prime

numbers as follows:

mlx)

r+1

Since the relation gives a very close approximate, we have:
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Relation (4) stated above gives an approximate
value for the probability of primes within a finite integral
set [0, n].

Figure 7 below showcases the interplay between the
actual value of the proba- bility of primes and the
approximated value of the probability of primes derived
through relation (4). Multiple value-disparities are
observed for lower order ranges. These discrepancies
show the prime distribution between the actual
probabilistic values and our approximations for smaller
numbers. However, as the graph progressively moves
onto higher order ranger; the disparities between the
actual value of probability and the approximated values
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1
_)
(4)

shrinks and the two graphs seem to converge. This
showcases the prime distribution between the actual
probabilistic values and the approximated values in
higher order ranges.

Notably, the two graphs start converging. This
convergence marks the cul- mination of our investigation,
signifying the attainment of exceptionally close
approximations through the utilization of relation (4).

The given constraints of computational resources,
results the analysis being conducted over a finite
integral set of 5000 numbers. Due to the limitations

Probability

L
8] S0 1000 1,500 2000 2500 3,000 35000 <4 000 45000 5,000

e (closing value of the interval set)

_— Probability of Primes

Approximation of probability of Primes

Fig 7 Comparison between actual probability of primes and approximation of probability obtained by relation (4).

Imposed by available computational power, we are
unable to showcase the con- vergence behavior for
significantly larger values within this paper. Nonetheless,
this limitation in presentation should not overshadow the
significance of the ob- served trends and their
implications within the pattern of primes distribution in
natural number sets.

V. CONCLUSION

This study delves into the probabilistic nature of prime
numbers within a finite integral domain of [0, 10000]. Here,
we derived two theorems through rigorous mathematical
derivations which laid a foundational basis for our
propositions and in asserting the domain of our relation.
Furthermore, the observed linear regression in our
propositions  was  showcased  through  graphical
representations and a relation which approximated the
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probability of primes within a finite integral domain was
developed. An observed converge of the actual
probability and approximated probability of primes through
our relation justified our claims and proved the relation.
Through elementary proofs, the relation can be further
extended to an integral domain [a, n] where a,n € W.
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