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Abstract:- Dual affine spaces are geometries with points 

and lines, lines have three points and, at most, a line 

passes through two points. Furthermore, we have that its 

planes are the duals of the affine plane over the field of 

two elements. If the space is connected, numerical 

invariants are associated with it. Let n be the number of 

points in space and k be the number of points that, given 

a fixed point, are not collinear with it.   In this research 

we characterize the geometric spaces that satisfy the 

Desargues property “Every pair of non-collinear points 

has exactly four collinear points.” represented by pairs of 

numbers (n, k) that satisfy certain algebraic properties 

studied by D. Higman (1964), H. Cárdenas (1999, 2001, 

2002) and J. Castañeda (2011, 2020). 
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I. INTRODUCTION 

 

In 1964, D. Higman introduced some algebraic 

properties (1-4) that define certain types of finite graphs 

containing dual affine spaces.  These spaces have been 
investigated by H. Cárdenas, E. Lluís, A. G. Raggi-Cárdenas, 

R. San Agustín (1999, 2001, 2002). In 2011, J. Castañeda 

introduces the notion of numerical dual affine space by 

adding properties (5-6). 

 

 Let (n, k) a pair of positive integers with n>k. We define 

the numbers 
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 Let us consider pairs of numbers (n, k) that satisfy the 

following conditions: 

 

 µ, λ, h, l are positive integers and   n>k>µ, λ. 

 
2 2( ) 4( )k      

 
 

Where δ   is a integer number. 

 

 δ divide to  D, with 
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 If n is an even integer, then 2δ it does not divide D, if n is 

odd we have 2δ to divide D. 

 If n is less than or equal to 36, the pair of numbers (n, k) is 

one of the list: {(15,6), (21,10), (28,15), (36,15)}. These 

couples are called primitive. 

 

To each pair of numbers (n, k) that satisfies conditions 
(1-4) we can associate a pair (n´, k´) of numbers using the 

function 

 

   : ( , ) ( , )D n k n k 
 

 

Defined as 

 

3( 1) 3( 1)
( , ) ,

2 2

k n k
D n k

    
  
   

 

 If in the pair (n, k) the number n>36 there exists a positive 

integer q such that Dq(n,k) it is a primitive pair 

 

 Definition 1. A numerical dual affine space is a pair of 

numbers (n, k) that satisfies conditions (1-6). 

 

For brevity, I will henceforth call numerical dual affine 

spaces, affine spaces. 
 

If (x, y) is an affine space and D(x, y)= (n, k) we will say 

that (x, y) is the successor of (n, k). In these spaces, the 

successor is not always unique. 

 

 Lemma 1. If (n, k) is a pair of numbers that satisfies (1), 

then 

 

 
( 1)lu k k   
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. 

 

 Proof. It follows directly from the definitions of µ, λ, h, l. 
 

From the above we obtain, 

 

 Proposition 1. Let (n, k) be a pair of numbers that satisfies 

(1) with h=1, then there exists an integer t greater than or 

equal to 6 such that 
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 Proof. It follows directly from the relations of lemma (1). 

 

II. DESARGUES SPACES 

 

 Definition 2. The pairs (n, k) with h=1 are called 

Desargues spaces. 

 Proposition 2. If (n, k) is a Desargues space, then (n, k) is 

a numerical dual affine space. Furthermore, it is a 

subclass. 

 Proof. From the previous proposal, 
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And (1) is fulfilled. The condition (2) follows from that 

is δ=t-2 a positive integer for t greater than or equal to 3. For t 

greater than or equal to 5, 
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and 

 

( 4)( 1)
( 3)

2

D t t
t



 
  

 
 

Is a positive integer and (3) is satisfied. 

 

The condition (4), since it 2δ=2(t-2) does not divide D. 

 

(5) The primitive pairs (15,6), (21,10) and (28,15) are 

Desargues spaces and the successor of a Desargues space with 

n>36 is another Desargues space. 
 

From condition (6), For a Desargues space (x, y) there 

exists a positive integer q such that  Dq(x,y)=(28,15) or 

Dq(x,y)=(21,10) or  Dq(x,y)=(15,6). Note that these spaces are 

of the form. 
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With s a positive integer, t=8, 7, 6 and it is true that 
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III. CONCLUSIONS 
 

Desargues spaces are a subclass of numerical dual 

affine spaces, since they satisfy conditions (1-6) with h=1. 

 

The subclass of Desargues spaces with the successor 

operation and the set of primitive pairs {(15,6), (21,10), 

(28,15)} as elements that are not successors of any other is a 

closed subset regarding the successor operation. 

Additionally, for n>36, the successor of a Desargues space is 

another Desargues space. 

 

ACKNOWLEDGMENT 
 

The author thanks Professor Humberto Cárdenas Trigos 

(+) for his guidance in this research and the Normal School of 

Huastecas for their support for the publication of this research. 

 

REFERENCES 

 

[1]. Aschbacher, M. (1986). Finite Groups Theory. 

Cambridge Tracts in Mathematics 10. 

[2]. Aschbacher, M. (1994). Sporadic Groups. Cambridge 

Tracts in Mathematics 104. 

[3]. Batten L.M. (1997). Combinatorics of Finite 
Geometries. Second Edition. Cambridge University 

Press. 

[4]. Brown, R. and Humphiries, S. P. (1986). Orbits under 

Symplectic Transvections I and II. Proc. London 

Math. Soc. 52, pp. 517-531, 532-556. 

[5]. Castañeda, J. (2011), El Teorema de Clasificación de 

los Espacios Duales Afines Numéricos. Memorias del 

Primer Encuentro de Lógica y Computación. ITSC. 

[6]. Castañeda, J. (2011), Espacios Duales Afines 

Numéricos. Tesís de Maestría. Universidad 

Interamericana Para el Desarrollo. 
[7]. Castañeda, J. (2020). Desargues Configurations and 

Numerical Dual Affine Spaces. Mathematical days. 

[8]. Castañeda, J, Domínguez, A. M.  (2023). 

Representaciones conceptuales de las configuraciones 

de Desargues. Revista Electrónica Científica (REEC) 

[9]. Cárdenas, H. Lluís, A. Raggi-Cárdenas, A. G. and 

Agustín, R. San. (2001). Diagrams In categories of 

Partial Linear Spaces of Order Two. Communications 

in Algebra, pp. 1-6. 

[10]. Cárdenas, H. Lluís, A. Raggi-Cárdenas, A. G. and 

Agustín, R. San. (1999). Diagrams for Symplectic 

Type configurations. Comm. In Algebra 27:7, pp. 
3201-3210. 

[11]. Cárdenas, H. Lluís, A. Raggi-Cárdenas, A. G. and 

Agustín, R. San. (2003). Diagrams In the Category of 

Fisher Spaces. Publicaciones Preliminares. Instituto 

de Matemáticas, UNAM, pp. 3-5. 

[12]. Cárdenas, H. Lluís, A. Raggi-Cárdenas, A. G. and 

Agustín, R. San. (2002). Partial Linear Spaces With 

Dual Affine Planes. Communications in Algebra, pp. 

1-14. 

[13]. Cárdenas, H. Lluís, E. Raggi-Cárdenas, A. G. and 

Agustín, R. San. (1997). Diagramas para las 
Configuraciones Simplécticas y Ortogonales. Revista 

Iberoamericana  de Matemáticas. I, Fasc. V. pp. 3-19. 

[14]. Cárdenas, H. Lluís, E. Raggi-Cárdenas, A. G. and 

Agustín, R. San. (1997). A Diagram for the Partial 

Linear Space. Publ. Prel. Inst. Mat. 552. Pp- 1-6. 

https://doi.org/10.5281/zenodo.14636684
http://www.ijisrt.com/


Volume 9, Issue 12, December – 2024                              International Journal of Innovative Science and Research Technology                                 

ISSN No:-2456-2165                                                                                                            https://doi.org/10.5281/zenodo.14636684 

 

IJISRT24DEC2004                                                             www.ijisrt.com                   2907 

[15]. Cárdenas, H. Lluís, E. Raggi-Cárdenas, A. G. and 

Agustín, R. San. (2009). Sections of Dual Affine 

Spaces. Comm. In Algebra.(*). 

[16]. Cuypers, H. and Hall, J. I. (1992). The Classifications 

of 3-Transposition Groups with Trivial Center. Proc. 

London Math.soc. 165. pp 121-138. 

[17]. Fisher, B. (1971). Finite groups Generated by 3-

Transpositions, Invetiones math. 13. Pp. 3-19. 
[18]. B. Gabriel R. (2002). Codes of Designs and Graphs 

from Finite Simple Groups. Ph. D Thesis. 

[19]. Hall J. I. (1989). Graphs, Geometry, 3-Transpositions 

ans Symplectic-Transvection Groups. Proc. London. 

math. Soc. 58. Pp. 89-111. 

[20]. Hall J. I. (1989). Some 3-Transpositions Groups with 

Normal 2-Subgroups. Proc. London. math. Soc. 58. 

Pp.112-136. 

[21]. Hall J. I. (1983). Linear Representations of 

Cotriangular Spaces. Lin. Alg. And Appl. 49. Pp. 

257-273. 

[22]. Hall J. I. (1993). The General Theory  3-
Transpositions. Math. Camb. Phil. Soc. 114. 

[23]. Higman, D. (1964). Finite Permutation Groups of 

Rank 3. Math. Zeistchr. 86. 

[24]. Higman, D. (1970). Characterization of Families of 

Rank 3 Permutation Groups by Subdegrees I. Math. 

Zeistchr. 21. 

[25]. Higman, D. (1966). Primitive Rank 3 Groups with a 

prime Subdegree. Math. Zeistchr. 91.70-86. 

[26]. Seven A. (2005). Orbits of Groups Generated by 

Transvections Over F2. Journal of Algebraic 

Combinatorics. Springer. 21. 449-474 
[27]. Tsuzuku, T. (1982). Finite Groups ans Finite 

Geometries. Cambridge University Press. Num.78 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

https://doi.org/10.5281/zenodo.14636684
http://www.ijisrt.com/

	I. INTRODUCTION
	II. DESARGUES SPACES
	III. CONCLUSIONS
	REFERENCES


