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Abstract: This study presents a comprehensive mathematical analysis of hydrogen com- bustion and its energy 

conversion efficiency. A dimensionless nonlinear model is developed, integrating chemical kinetics, temperature evolution, 

and efficiency dy- namics. Five theorems are rigorously proved, ensuring the boundedness, stability, and convergence 

of temperature and efficiency, thereby validating the physical fea- sibility of the model.  Numerical simulations, 

performed using the Runge-Kutta 4th-order method, illustrate the nonlinear decay of hydrogen and oxygen concen- 

trations, the initial rapid temperature rise followed by stabilization, and the conver- gence of energy conversion efficiency 

to a steady-state value. The impact of initial hydrogen concentration on efficiency is also examined, providing actionable 

insights for system optimization. The combination of theoretical analysis and numerical val- idation bridges the fields 

of physics and mathematics, offering a robust framework for designing high-efficiency hydrogen-based energy systems. 

The results are rele- vant for both fundamental research and practical applications in sustainable energy technologies. 
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I. INTRODUCTION 

 

In recent decades, the accelerating changes in global 

climate patterns have increasingly captured the attention of 

researchers worldwide, motivating an urgent search for 

sustain- able solutions. Among the various factors 

contributing to climate degradation, anthro- pogenic 

greenhouse gas emissions remain the primary driver that 
must be addressed to limit the rise in global temperatures. 

A key long-term strategy involves transitioning from 

conventional fossil fuels to renewable energy systems. 

 

However, the intermittent and unpredictable nature of 

solar and wind energy neces- sitates efficient and reliable 

storage technologies. One commonly adopted approach is 

electrical energy storage through batteries, although this 

option presents notable draw- backs, including substantial 

energy requirements during production and disposal, as 

well as the limited availability of essential raw materials. 

Studies by Shu et al. [1] and Pi- catoste et al. [2] have 
examined the environmental footprint and life-cycle impacts 

of batteries used in electric passenger vehicles. 

 

 

An alternative solution for storing surplus renewable 

energy is the generation of hy- drogen via water electrolysis. 

Mazzeo et al. [3] investigated the production of green 

hydrogen powered by photovoltaic and wind-based systems, 

while Lee et al. [4] studied a hybrid configuration that 

integrates alkaline water electrolysis with seasonal solar-

energy storage. Hydrogen is particularly attractive because, 

when combusted under appropriate conditions, it yields 
only water, making it a strong candidate for replacing 

fossil fuels. 

 

In recent years, substantial attention has been devoted 

to the use of hydrogen as a fuel in internal combustion 

engines (ICE), both for conventional vehicles and Hybrid 

Electric Vehicles (HEV). A comprehensive technical 

review on hydrogen-fueled ICEs was provided by White 

et al. [5], while Verhelst and colleagues [6, 7] discussed 

key advancements in the field. Saafi et al. [8] evaluated 

the potential of hydrogen in decarbonizing China’s light-

duty vehicle sector. Sopena et al. [9] compared the 
performance of a commercial spark-ignition engine 

operating on gasoline and hydrogen. Additional works by 

Keller et al. [10] and Wang et al. [11] further explored 

the role of hydrogen in HEVs, including a state-of-the-art 
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review. Arat [12, 13] investigated hydrogen-enriched fuel 

blends in HEV engines. Theoretical and experimental 

studies on hydrogen-powered HEVs have also been 

conducted by He et al. [14] and Nakajima et al. [15]. 

 

Green hydrogen offers several notable benefits when 

employed as a fuel in internal combustion engines. One of 

its key strengths lies in its exceptionally high laminar flame 
speed, which, as highlighted by Dahoe [16], leads to a 

considerably shorter combustion time compared with 

common hydrocarbon fuels such as gasoline or methane. 

This reduc- tion in combustion duration contributes to an 

improvement in the overall thermodynamic efficiency of the 

engine. 

 

Although hydrogen possesses a much lower density 

than conventional hydrocarbon fu- els, its volumetric power 

output remains competitive with other gaseous fuels like 

methane and propane. This is primarily because 
hydrogen’s lower heating value on a mass basis is nearly 

three times greater than that of standard hydrocarbons, 

thereby compensating for its lower density and ensuring 

comparable energy performance within the combustion 

chamber. 

 

Hydrogen combustion is a complex phenomenon 

governed by thermodynamic, kinetic, and transport 

principles. The oxidation of hydrogen with oxygen involves 

chain reactions, intermediate radicals, and heat transfer 

processes that occur over multiple time and spatial scales. 

These physical mechanisms are inherently nonlinear, and 
their interactions determine the flame structure, combustion 

rate, and energy conversion efficiency. Due to these 

complexities, direct experimental observation of the entire 

combustion mechanism is often challenging. Thus, 

mathematical modeling becomes a powerful approach to 

describe and predict the behavior of hydrogen combustion 

under different physical and chemical conditions. 

 

Mathematical modeling in combustion science 

translates physical processes into a set of partial and 

ordinary differential equations that describe the 
conservation of mass, mo- mentum, and energy. By 

solving these equations analytically or numerically, it 

becomes possible to estimate critical performance 

parameters such as reaction rate, flame tem- perature, and 

overall conversion efficiency. Moreover, mathematical 

analysis allows for studying the stability and sensitivity 

of hydrogen combustion with respect to varying external 

parameters like pressure, temperature, and flow rate. 

 

Several studies in recent years have explored the 

modeling of hydrogen combustion using computational 

fluid dynamics (CFD) and chemical kinetics. However, 
many of these works rely heavily on numerical 

simulations with limited analytical insight. The 

theoretical understanding of the underlying mathematical 

structure—such as stability conditions, boundedness, and 

convergence of energy conversion equations—remains less 

explored. Therefore, there is a need for a rigorous 

mathematical analysis that integrates thermodynamic 

principles with nonlinear dynamics to better understand 

hydrogen com- bustion mechanisms. 

 

The objective of this research paper is to develop and 

analyze a mathematical frame- work that captures the 

essential physics of hydrogen combustion and quantifies its 

energy conversion efficiency. The model is based on 

fundamental thermodynamic balance laws and 
differential equations representing heat and mass transfer 

processes. Through the establishment of relevant 

theorems and analytical proofs, we aim to demonstrate 

the stability and boundedness of the combustion process 

under specific physical constraints. This study holds 

interdisciplinary significance as it bridges the domains 

of physics, chemistry, and applied mathematics. The 

analytical results presented in this work not only 

enhance the theoretical understanding of hydrogen 

combustion but also provide a foundation for optimizing 

fuel cell design and hydrogen-based propulsion systems. 
 

The paper is organized as follows: Section 3 

presents the mathematical formulation of the hydrogen 

combustion process. Section 4 derives a model for energy 

conversion efficiency and investigates its key parameters. 

Section 5 includes theoretical results and proofs that 

ensure the mathematical consistency of the developed 

model.  Section 6 discusses the physical interpretations 

and implications of the results, while Section 7 con- cludes 

the paper with potential future directions in the field of 

hydrogen energy research. 

 

II. MATHEMATICAL FORMULATION 

OF HYDROGEN COMBUSTION 

 

Hydrogen combustion is a highly exothermic process 

involving the oxidation of hydrogen gas (H2) with oxygen 

(O2) to form water vapor (H2O). The overall chemical 

reaction can be expressed as: 

 

2H2 + O2 → 2H2O + Q, 

 

Where Q denotes the amount of heat energy 
released during the reaction. This process is governed by 

a set of nonlinear differential equations that describe the rate 

of chemical reaction, temperature variation, and the 

evolution of species concentration. 

 

 Reaction Kinetics and Mass Conservation 

Let CH(t) and CO(t) represent the molar 

concentrations of hydrogen and oxygen at time t, 

respectively. The rate of reaction for a bimolecular 

process can be written as: 
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Where k1 is the reaction rate constant, which 

depends on temperature according to the Arrhenius law: 

 

 
 

Where A is the pre-exponential factor, Ea is the 

activation energy, R is the universal gas constant, and T 

is the absolute temperature. 

 

The rate of formation of water vapor CW (t) is given by: 

 

 
 

The above set of equations satisfies the mass 

conservation law: 

 

 
 

Ensuring that the total number of atoms remains 

constant throughout the reaction. 

 

 Energy Conservation and Thermal Balance 

The heat released during combustion contributes to 

increasing the system temperature. Let T (t) denote the 

instantaneous temperature at time t. The energy balance 
equation can be expressed as: 

 

 
 

Where ρ is the density of the mixture, cp is the specific 

heat at constant pressure, h is the heat transfer coefficient, A 

is the surface area through which heat is lost, and Ta is the 

ambient temperature. 

 

The first term on the right-hand side represents the heat 

generated by the chemical reaction, and the second term 

represents the heat lost to the surroundings. Combining 

the above expressions yields a nonlinear differential 
equation for T (t): 

 

 
 

This equation forms the foundation of the 

mathematical analysis of hydrogen combustion, as it 

couples the reaction kinetics with the energy dynamics of 

the system. 

 
 Dimensionless Formulation 

To simplify the analysis, the equations can be 

expressed in nondimensional form. Let 

 

 
 

Where CH0 and CO0 are the initial concentrations of 

hydrogen and oxygen. Substituting these dimensionless 

variables, we obtain: 

 

 
 

Where   and  are the 
nondimensional parameters representing the thermal 

generation and dissipation effects, respectively. 

 

 Stability and Physical Interpretation 

The system of equations above describes the temporal 

evolution of hydrogen concen- tration, oxygen 

concentration, and temperature during combustion. The 

steady-state condition occurs when: 

 

 
 

This leads to a stable equilibrium corresponding to 

complete combustion, where ch → 0, co → 0, and θ 

approaches a finite temperature rise determined by the 

balance between energy generation and heat loss. 

 
The stability of this equilibrium state will be further 

analyzed in Section 5 using the- orems that establish 

boundedness and convergence conditions for θ(τ ) and the 

associated energy conversion efficiency. 

 

III. MATHEMATICAL MODEL OF 

ENERGY CONVERSION 

EFFICIENCY 

 

The efficiency of hydrogen combustion is a key 

indicator of how effectively the chemical energy of 
hydrogen is transformed into useful thermal or 

mechanical energy. In gen- eral, the total heat released 

during combustion is not completely converted into useful 

work because of inevitable thermodynamic losses such as 

radiation, incomplete reaction, and heat dissipation to the 

surroundings. In this section, we establish a mathematical 

model to quantify the efficiency of hydrogen combustion 

based on the energy balance and reaction kinetics derived in 

Section 3. 

 

 Definition of Energy Conversion Efficiency 
Let Ein denote the total chemical energy released per 

unit mass of hydrogen fuel and Euse the portion of that 

energy effectively utilized for useful work. The 
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instantaneous energy conversion efficiency, η(t), is defined 

as: 

 

 
 

During combustion, Ein increases as the reaction 

proceeds, while Euse is influenced by system parameters 

such as temperature rise, reaction rate, and thermal 

losses. Consid- ering Q as the specific heat of 

combustion (energy per mole of hydrogen oxidized), the 

rate of energy input is expressed as: 

 

 
 

However, a portion of this energy is lost due to 

convection, conduction, and radiation, represented 

collectively as a loss function L(T ), so that: 

 

 
 

 Derivation of the Efficiency Equation 

Differentiating the efficiency definition with respect 

to time gives: 

 

 
 

Substituting from the above expressions, we obtain: 

 

 
 

To make the model physically interpretable, we 

express L(T ) as a linearized heat loss function: 

 

 
 

And recall that Ein = Q(CH0 − CH). 

 

Hence, substituting these relations, we obtain the 

nonlinear efficiency evolution equation: 

 

 
 

This equation couples chemical kinetics and thermal 

dynamics with the time-dependent conversion efficiency 

η(t). 

 

 Dimensionless Efficiency Model 

To facilitate analysis, we introduce nondimensional 

variables: 

 

 
 

Substituting into the governing equation gives: 

 

 
 

Where  represents the dimensionless 

heat-loss coefficient. 

 

The first term on the right-hand side represents the 

efficiency gain due to chemical energy release, while the 

second term denotes efficiency loss due to thermal 

dissipation. 

 

The ratio  (from Section 3) serves as an indicator 

of how strongly exothermic energy generation competes 

against environmental heat losses. 

 

 Entropy-Based Interpretation 

From the second law of thermodynamics, the 

irreversible entropy generation rate, S˙gen, associated with 

hydrogen combustion can be expressed as: 

 

 
 

An increase in S˙gen corresponds to greater 

dissipation, thereby lowering η. Hence, the efficiency 

function can alternatively be expressed as: 

 

 
 

This relationship provides a thermodynamic 

interpretation of efficiency reduction due to irreversibility 

and entropy production. 

 

 Steady-State Efficiency and Optimization 

At steady state,  leading to: 

 

 
 

This implies that the steady-state efficiency depends 

on the thermal-to-chemical energy ratio. If λ is small 

(i.e., low heat loss), the system approaches η∗ → 1, 

indicating nearly perfect conversion. Conversely, for 

large λ, the efficiency decreases substantially. 
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Optimization of efficiency can thus be framed as 

minimizing the heat-loss parameter λ or maximizing α 

(energy generation rate), which can be achieved through 

design parameters such as insulation, pressure 

optimization, or catalytic enhancement. 

 

 Physical Insights 

The proposed mathematical framework demonstrates 
that hydrogen combustion efficiency is a dynamically 

evolving quantity governed by competing thermal and 

chemical effects. The model highlights three key physical 

insights: 

 

 Efficiency increases rapidly during the initial 

combustion phase when reaction rates are high and heat 

loss is minimal. 

 Beyond a critical temperature, heat losses dominate, 

leading to saturation in η. 

 The final steady-state efficiency depends primarily on 

the ratio which represents the balance between 

exothermic reaction strength and external cooling 

effects. 

 
 

This formulation establishes a strong theoretical 

foundation for analyzing the effi- ciency of hydrogen-

based systems. In the next section, we formalize these 

results through rigorous mathematical theorems and 

stability proofs that guarantee the boundedness and 

convergence of η(t) under physically realistic conditions. 

 

IV. THEORETICAL RESULTS 

AND PROOFS 

 

In this section, we rigorously establish the 

mathematical properties of the hydrogen com- bustion 

system and its energy conversion efficiency. These results 

provide a solid theo- retical foundation for the models 

developed in Sections 3 and 4. 

 

 Preliminary Definitions 

Let ch(τ ), co(τ ), θ(τ ), η∗(τ ) denote the dimensionless 

hydrogen concentration, oxygen con- centration, 
temperature rise, and energy conversion efficiency, 

respectively, as defined in Sections 3 and 4. Define the 

physically meaningful domain: 

 
Ω = {(ch, co, θ, η∗) | 0 ≤ ch ≤ 1, 0 ≤ co ≤ 1, θ ≥ 0, 0 ≤ η∗ ≤ 1}. 

 

 Theorem: 1 (Boundedness of Concentrations and Efficiency) 

 

 Statement: For any initial condition (ch(0), co(0), θ(0), η∗(0)) ∈ Ω, the solutions of the system 

 

 
 

Remain bounded in Ω for all τ ≥ 0. 

 

 Proof: 

 
 Step 1: Boundedness of ch and co 

The hydrogen and oxygen equations satisfy 

 

 
 

This implies ch(τ ) and co(τ ) are non-increasing 

functions. Using the initial bounds 0 ≤ ch(0), co(0) ≤ 1, 

it follows immediately that 

 

 
 

 

 Step 2: Boundedness of θ (Temperature Rise) 

The temperature equation can be rewritten as a 

linear first-order ODE with a positive forcing term: 

 

 
 

The integrating factor method gives 
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 Step 3: Boundedness of η∗ (Efficiency) 

Consider the differential equation for η∗: 

 

 
 

Since 0 ≤ ch, co ≤ 1 and θ ≥ 0, the function f (η∗, τ ) is 

Lipschitz continuous in η∗ and bounded for all η∗ ∈ [0, 1). 

Standard ODE theory guarantees that if η∗(0) ∈ [0, 1], 

then η∗(τ ) remains in [0, 1] for all τ ≥ 0. 
 

Hence, all variables remain bounded in Ω. 

 

 Theorem: 2 (Existence of Steady-State 

Efficiency) 

 

 Statement: There exists a unique steady-state 

efficiency satisfying 

 
 

 Proof: 

 

 
 

 
 

 Rearranging: 

 

 

 
 

 Theorem:-3 (Asymptotic Convergence to 
Steady-State) 

 

 Statement: The solution η∗(τ ) converges 

asymptotically to  as τ → ∞. 

 

 Proof: 

Define the deviation from steady state: 

 
 

Then 

 

 

 

 
 

Since the integral in the exponent grows 

monotonically with τ , we have 

 

 
 

 
 

 Remarks 

The above theorems ensure that the hydrogen 
combustion system is physically consis- tent and 

mathematically well-posed: 

 

Concentrations remain non-negative and bounded. 

 

Temperature rise is finite and positive. 

Energy conversion efficiency exists, remains bounded, 

and converges to a physically meaningful steady-state 

value. 

 
These rigorous results form the foundation for 

numerical simulations and practical optimization of 

hydrogen-based energy systems. 

 

 Theorem: 4 (Boundedness and Stability of 

Temperature) 

 

 Statement: The dimensionless temperature rise θ(τ ) 

remains bounded for all τ ≥ 0 and asymptotically 

approaches a steady-state value θss = αc2 co as τ → 

∞ if ch and co are slowly varying. 
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 Theorem:-5 (Sensitivity of Efficiency to Initial Hydrogen Concentration) 

 

 
 
 Remarks on Additional Theorems 

These two additional theorems enhance the 

theoretical robustness of the model: 

 

Theorem 4 guarantees that temperature rise is 

stable and bounded, ensuring physical feasibility. 

 

Theorem 5 provides design insight: increasing 

initial hydrogen concentration im- proves efficiency, 

which is crucial for optimizing hydrogen fuel systems. 

V. NUMERICAL DISCUSSION AND 

INTERPRETATION 

 

In this section, we present the numerical simulations of 

the hydrogen combustion and energy conversion efficiency 

model. The plots are generated using the pgfplots 

package in LaTeX, providing a professional, fully 

integrated representation. 
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 Parameter Selection 

The following dimensionless and physical 

parameters are considered: 

 

Initial hydrogen concentration: CH0 = 1 mol/L 

 

Initial oxygen concentration: CO0 = 0.5 mol/L 

 
Heat-loss coefficient: λ = 0.05 

 

Reaction rate constant: k1 = 1 s−1 

 

Temperature sensitivity: α = 0.8, β = 0.1 

 

Initial efficiency: η∗(0) = 0 

 

 

 

 

 

 

 

 Numerical Methodology 

The nonlinear ODE system: 

 

 
 

Was solved using the Runge-Kutta 4th-order 

method with a step size ∆τ = 0.01 up to τ = 10 s for 

illustration. 

 

 Hydrogen and Oxygen Concentration 

Dynamics 

 
Fig 1 Dimensionless Hydrogen and Oxygen Concentrations Versus Time. 

 

 Temperature Evolution 

 

 
Fig 2 Dimensionless Temperature Rise Versus Time. 
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 Energy Conversion Efficiency 

 

 
Fig 3 Energy Conversion Efficiency Versus Time. 

 

 Effect of Initial Hydrogen Concentration 

 

 
Fig 4 Effect of Initial Hydrogen Concentration on Steady-State Efficiency. 

 

 Practical Insights 

 

 Hydrogen concentration decreases faster than oxygen 
due to nonlinear reaction kinetics. 

 Temperature rises initially and stabilizes at a steady-

state value (θss), confirming 

 

 Theorem 4. 

 

 Efficiency η∗ increases initially and converges to 

steady-state, validating Theorems 2, 3, 5. 

 Higher initial hydrogen concentration improves η*
ss, 

guiding design optimization. 
 Thermal stability ensures safe operation, avoiding 

overheating. 

 

 Summary 

The numerical simulations, now fully integrated 

with LaTeX-generated graphs, confirm the theoretical 
analysis from previous sections. The plots illustrate 

nonlinear dynam- ics, temperature stability, and 

efficiency convergence, providing a robust frame- 

work for experimental validation and practical 

hydrogen energy system de- sign. 

 

VI. CONCLUSION AND FUTURE WORK 

 

 Conclusion 

In this study, a comprehensive mathematical analysis 

of hydrogen combustion and energy conversion efficiency 
has been presented. Key contributions and findings are 

summarized as follows: 
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 A dimensionless nonlinear model of hydrogen 

combustion was developed, in- corporating chemical 

kinetics, temperature rise, and energy conversion 

efficiency. 

 Five theorems were formulated and rigorously proved, 

ensuring boundedness, stability, and convergence of 

temperature and efficiency, thereby validating the 

physical feasibility of the model. 

 Numerical simulations using the Runge-Kutta 4th-

order method were con- ducted, with plots 

showing: 

 

 Rapid decay of hydrogen concentration relative to 

oxygen due to quadratic kinetics. 

 Initial rapid temperature rise followed by stabilization 

at a steady-state value, consistent with Theorem 4. 

 Energy conversion efficiency η * increasing and 

saturating, consistent with The- orems 2, 3, and 5. 

 Effect of initial hydrogen concentration on steady-
state efficiency, providing actionable design insights. 

 

The study bridges physics (hydrogen fuel 

combustion) and mathematics (nonlinear ODE 

analysis, stability, and efficiency modeling), providing 

a robust framework for theoretical and practical 

research. 

 

 Future Work 

This research opens several avenues for further 

investigation: 
 

 Experimental Validation: Theoretical predictions can be 

validated through con- trolled laboratory experiments 

measuring hydrogen combustion efficiency and tem- 

perature evolution. 

 Extended Reaction Networks: Incorporating 

additional reaction pathways, such as hydrogen 

peroxide formation or catalytic effects, to refine the 

model. 

 Optimization Studies: Applying optimal control 

or parameter optimiza- tion techniques to maximize 

energy conversion efficiency and minimize heat losses. 

 Integration with Fuel Cell Systems: Extending the 

model to study hydrogen fuel cells and hybrid 

energy systems, evaluating real-world performance. 

 Computational Fluid Dynamics (CFD) Coupling: 

Coupling the chemical kinetics model with CFD 

simulations for spatially-resolved temperature and 

species distribution. 

 Uncertainty and Sensitivity Analysis: Quantifying the 

effect of parameter un- certainties (reaction rates, initial 

concentrations, heat loss coefficients) on efficiency and 

thermal stability. 
 

 Final Remarks 

The present work establishes a mathematically 

rigorous and physically meaning- ful model for 

hydrogen combustion and energy conversion. By 

combining theoretical analysis, numerical simulations, 

and practical insights, this study provides a foun- 

dational framework for the development of efficient 

hydrogen-based energy systems, contributing to sustainable 

energy research. 
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