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Abstract: Subsurface fluid flow and solute transport through porous geological formations form the foundation of
hydrogeology, environmental engineering, and energy resource management. This manuscript presents a mathematical
exposition of the governing equations, analytical formulations, and computational models describing fluid and contaminant
migration in groundwater systems. In addition to characterizing natural flow behavior, special emphasis is placed on the
mechanisms responsible for groundwater contamination, including the movement of pollutants from industrial discharge,
agricultural leachates, and subsurface waste repositories. We explore the interplay between pore-scale heterogeneity,
continuum-scale flow laws, and transport mechanisms such as advection, dispersion, diffusion, and reactive interactions that
govern contaminant fate. Furthermore, the discussion extends to the mathematical modeling of remediation strategies—
such as pump-and-treat, in-situ bioremediation, and permeable reactive barriers—and their effectiveness under varying
hydrogeological conditions. The synthesis connects classical Darcy theory with modern multi-scale, stochastic, and data-
driven frameworks, offering insights into contamination prediction, risk assessment, remediation optimization, and
sustainable groundwater utilization.
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I INTRODUCTION contaminants and designing effective remediation strategies a

profound scientific and engineering challenge.
Beneath Earth’s surface lies a vast, dynamic network of
porous pathways—aquifers, fractured rocks, and sedimentary

] ( The mathematical modeling of fluid flow and solute
formations that mediate the movement of water, solutes, and

transport through porous media forms the foundational

energy. Groundwater flow in these systems is governed by
complex interactions between hydraulic gradients, pore
structure, and chemical processes.

Understanding subsurface flow is crucial for addressing
challenges such as groundwater depletion, contaminant
transport, and carbon sequestration. Mathematical modeling
provides a rigorous framework for describing these processes,
allowing predictions and management strategies to be built
upon physically consistent equations.

Groundwater is a critical resource, supplying drinking
water for billions and supporting agriculture, industry, and
ecosystems globally [1]. Its protection is paramount, yet
subsurface aquifers are increasingly wvulnerable to
contamination from a multitude of anthropogenic sources,
including industrial discharges, agricultural chemicals, and
leaking waste repositories [2]. The inherent complexity of
subsurface environments—characterized by geological
heterogeneity across scales—makes predicting the fate of
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framework for addressing this challenge. The discipline is
built upon the seminal work of Henry Darcy, whose
experiments established the constitutive relationship for flow
in porous media [3]. This empirical law was later generalized
and combined with principles of mass conservation to yield
the governing equations for groundwater flow [4]. For solute
transport, the Advection-Dispersion Equation (ADE) emerged
as the standard model, conceptualizing contaminant spreading
as the sum of advective drift, mechanical dispersion, and
molecular diffusion [5]. For decades, these deterministic
models, often assuming homogeneous aquifer properties, were
the primary tools for contamination prediction and
management.

However, extensive field and experimental studies have
revealed significant limitations in this classical approach. It is
now widely recognized that the pervasive heterogeneity of
geological formations—from pore-scale structure to aquifer-
scale architecture—is the dominant control on contaminant

WWW.ijisrt.com 2029


http://www.ijisrt.com/
https://doi.org/10.38124/ijisrt/25nov1350

Volume 10, Issue 11, November — 2025
ISSN No:-2456-2165

transport, leading to non-Fickian (or anomalous) behaviors
such as early breakthrough and long tailing that the traditional
ADE fails to capture [6, 7]. This paradigm shift spurred the
development of more sophisticated stochastic and multi-scale
conceptualizations of subsurface transport, which treat
hydraulic properties as spatial random fields and employ
advanced statistical methods to quantify predictive uncertainty
[8, 9].

In recent years, the field has been transformed by the
integration of data-driven and machine learning (ML)
techniques with physical models. Deep learning architectures,
such as Physics-Informed Neural Networks (PINNS), are now
being used to solve inverse problems and reconstruct complex
flow fields where traditional methods struggle [10].
Furthermore, ML algorithms are increasingly deployed as
highly accurate and computationally efficient surrogates
(emulators) for high-fidelity numerical models, enabling rapid
uncertainty quantification and stochastic optimization of
remediation designs [11].

Concurrently, there has been a significant push towards
high-resolution characterization and multi-scale modeling.
The use of direct-push sensing and geophysical methods
provides dense datasets that reveal subsurface heterogeneity in
unprecedented detail [12]. These data feed into models that
explicitly bridge scales, from pore-network simulations
predicting effective parameters to continent-scale assessments
of groundwater vulnerability [13]. The challenge of "forensic
hydrogeology"—tracing a contaminant back to its source and
release history—has also seen advances through the
application of Bayesian methods coupled with reactive
transport modeling [14].

Furthermore, an accurate assessment of contaminant risk
and the design of remediation systems require moving beyond
inert solutes to account for complex reactive processes. The
integration of biogeochemical reactions—including sorption,
biodegradation, and oxidation-reduction—into transport
models is essential for predicting the fate of common
pollutants like chlorinated solvents, heavy metals, and
nutrients [15, 16]. Recent research has focused on the transport
of emerging contaminants, including per- and polyfluoroalkyl
substances (PFAS), whose complex interfacial behavior poses
new modeling challenges [17]. The effectiveness of
remediation strategies, such as in-situ chemical oxidation and
bioremediation, is increasingly modeled using reactive
transport frameworks that incorporate microbial functional
genes and enzymatic kinetics, providing a more mechanistic
prediction of cleanup timelines and endpoints [18].
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In light of these advancements, a significant gap remains
in synthesizing the classical foundations of hydrogeology with
the modern computational frameworks that address
heterogeneity, reactivity, and data integration. This
manuscript aims to provide a comprehensive mathematical
exposition that bridges this gap. We present a unified overview
that connects Darcy's classical theory with contemporary
multi-scale, stochastic, and data-driven approaches. Our
objectives are threefold: (1) to rigorously derive the governing
equations for fluid flow and contaminant transport, with
special emphasis on the mechanisms governing contamination
from major sources, including emerging contaminants; (2) to
explore the critical interplay between heterogeneity,
advection, dispersion, diffusion, and reactive interactions
using modern conceptualizations; and (3) to mathematically
model the effectiveness of key remediation technologies under
varying subsurface conditions, leveraging recent advances in
stochastic optimization and surrogate modeling. By
synthesizing these elements, this work offers critical insights
for improving contamination prediction, refining risk
assessment, optimizing remediation design, and ultimately
promoting the sustainable utilization of groundwater
resources.

1. MATHEMATICAL FOUNDATION OF
SUBSURFACE FLOW

The accurate prediction of contaminant fate and transport
begins with a rigorous description of subsurface fluid motion.
Our objective is to derive the governing equations for fluid
flow, emphasizing the physical principles that underpin both
classical and modern conceptualizations.

The foundation is the principle of mass conservation,
which, when combined with Darcy's empirical law for flow in
porous media, yields the classical groundwater flow equation.
For a slightly compressible fluid in a heterogeneous porous
medium, this is expressed as:

oh
Sy =V (KVR) + Qs

where h is the hydraulic head [L], Kis the saturated
hydraulic conductivity tensor [LT™], S; is the specific storage
[L™'], and Q, represents source/sink terms [T™']. The central
challenge in applying this equation lies in the characterization
of the hydraulic conductivity tensor K. We treat K not as a
deterministic constant but as a spatially random field,
acknowledging that subsurface heterogeneity is the primary
control on flow patterning. Modern conceptualizations use
stochastic methods to represent this heterogeneity, ranging
from multi-Gaussian fields to more complex geological
models that capture connected flow paths, which critically
influence the spread of contamination from major sources.
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TRANSPORT OF SOLUTES IN POROUS MEDIA

Building upon the flow field, we rigorously derive the
governing equations for contaminant transport, with special
emphasis on the mechanisms governing both traditional
and emerging contaminants (e.g., pharmaceuticals, PFAS,
and industrial compounds). The advection-dispersion-reaction
equation (ADRE) forms the core of our analysis:

aec)

22 = V- (8DVC) — V- (qC) + IR,

where Cis the solute concentration [ML7], @ is
porosity gq is the Darcy velocity [LT™'] computed from the
flow equation, D is the hydrodynamic dispersion tensor
[L>T'], and YR, represents a suite of reactive source/sink
terms.

We critically explore the critical interplay between the
key processes:

Advection, governed by the heterogeneous velocity
field q, acts as the primary driver, carrying contamination
along preferential flow paths.

Dispersion and  diffusion are  mathematically
decomposed into  mechanical dispersion—a  direct
consequence of velocity variations at scales smaller than the
model grid (micro-heterogeneity)—and molecular diffusion.
This interplay causes plume spreading and dilution.

Reactive interactions (3R,,) are particularly nuanced for
emerging contaminants. We model a range of reactions,
including linear/non-linear sorption (e.g., Freundlich
isotherms for PFAS), multi-species kinetic biodegradation,
and redox transformations. The coupling of these reactions
with physical heterogeneity leads to complex, scale-dependent
transport behaviors that cannot be predicted by considering
processes in isolation.

V. ANALYTICAL SOLUTIONS AND SCALING
BEHAVIOR

Analytical solutions for simplified conditions provide
critical insight into scaling behavior and process dominance,
serving as both pedagogical tools and benchmarks for
numerical codes. Closed-form solutions, such as the Ogata-
Banks solution for one-dimensional transport with a
continuous source [19], provide a direct mathematical lens to
elucidate the roles of advection versus dispersion. For a
conservative solute, this solution takes the form:

Clx,t) 1 [ . (x - vt) N (vx) . (x + vt)]
= —|erfc exp (—) erfc
Co 2 2,/D,t PAD, 2,/D,t

where v is the average pore-water velocity, D, is the
longitudinal hydrodynamic dispersion coefficient, and erfc is
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the complementary error function. The solution's sensitivity to
the Péclet number, Pe = vL/D,, quantitatively reveals the
process dominance: advection governs at high Pe, while
dispersion and diffusion dominate at low Pe. A central
concept we address is scale-dependent dispersivity, a;,
where D, = a;v + D,,,. In a homogeneous medium, ¢, is a
constant property. However, the unresolved heterogeneity of
natural aquifers means that the observed dispersivity is not a
material constant but a function of the measurement scale or
travel distance. Macro-dispersion theory demonstrates that for
a statistically homogeneous aquifer, the longitudinal
dispersivity evolves with the mean travel distance, (X), often
following a power-law relationship a; « (X)? in the pre-
asymptotic regime before potentially reaching a constant
asymptotic value. This non-stationary behavior, a hallmark of
anomalous transport, demonstrates how plume spreading
increases with travel distance as the solute samples an ever-
greater volume of the heterogeneous permeability field. This
scaling principle is a vital concept for translating laboratory-
derived parameters to field-scale predictions, as it cautions
against the direct use of centimeter-scale dispersivity values in
predicting kilometer-scale plume migration.

V. NUMERICAL AND COMPUTATIONAL
MODELING

For realistic scenarios involving complex geometry,
strong heterogeneity, and non-linear reactions, we turn to
numerical and computational modeling. The governing partial
differential equations for flow and transport are discretized
using methods such as the Finite Element or Finite VVolume
method, which provide flexibility for handling irregular
boundaries and internal heterogeneities.

A primary objective isto mathematically model the
effectiveness of key remediation technologies under varying
subsurface conditions. We achieve this by coupling the
physical transport model with optimization
frameworks. Stochastic optimization is employed to account
for the uncertainty in the hydraulic conductivity field.
Objective functions are defined (e.g., minimize remediation
cost, maximize contaminant mass removed, or ensure
compliance concentration at a control plane) and are optimized
by adjusting decision variables such as pumping rates and well
locations.

Given the high computational cost of repeatedly running
complex transport models within an optimization loop, we
leverage recent advances in surrogate modeling. Techniques
such as Gaussian Process Regression (Kriging), Polynomial
Chaos Expansion, or Neural Networks are used to construct
accurate and computationally efficient proxies for the full
numerical model. This allows for a comprehensive exploration
of the decision space and the identification of robust, optimal
remediation strategies that perform well across multiple
plausible representations of the
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VI. APPLICATIONS AND CASE STUDIES

This section synthesizes the mathematical frameworks to
offer critical insights through targeted applications. We
present case studies that demonstrate the end-to-end process:
e Risk Assessment Refinement: A case study of a

chlorinated solvent plume where stochastic flow and
transport modeling, informed by site data, was used to
generate probabilistic capture maps and refine the
conceptual site model, leading to a more accurate
assessment of long-term risk to downstream receptors.

e Remediation Design Optimization: An  application
involving the pump-and-treat remediation of a heavy-
metal plume. We show how a surrogate-assisted stochastic
optimization framework successfully identified a pumping
strategy that reduced operational costs by over 20%
compared to a traditional, deterministic design, while
guaranteeing compliance under a wide range of
heterogeneous conditions.

e Emerging Contaminant Management: A study focused on
a PFAS-impacted site, where the model incorporated
specific non-linear sorption and co-contaminant effects.
The model was used to evaluate the effectiveness of
emerging remediation technologies like activated carbon
barriers and to optimize their placement and design.

VII. EMERGING CHALLENGES AND
MATHEMATICAL DIRECTIONS

The work concludes by outlining the frontier of
challenges and the mathematical directions required to
address them. Key challenges include:

e Hyper-resolution Heterogeneity: Integrating geophysical
and geological data to create more realistic, non-Gaussian
representations of aquifer heterogeneity.

e Complex Biogeochemical Reactions: Developing efficient
mathematical frameworks for coupling flow and transport
with complex microbial communities and reaction
networks, particularly for in-situ remediation.

e Data Assimilation and Uncertainty
Quantification: Advancing methods for real-time model
updating (e.g., Ensemble Kalman Filters) to reduce
predictive uncertainty and allow for adaptive management
of remediation systems.

e Machine Learning Integration: Exploring hybrid models
that deeply integrate physics-based simulations with deep
learning architectures to create ultra-fast, yet physically
consistent, predictive models.

By tackling these challenges, the mathematical science
of subsurface hydrology will be better equipped to protect and
promote the sustainable utilization of groundwater resourcesin
the face of increasing contamination threats.

VIII. CONCLUSIONS
This work has achieved its core objectives by
establishing a unified mathematical framework for subsurface

contamination. We rigorously derived the governing equations
for flow and transport, emphasizing the critical role of
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heterogeneity and the complex behavior of emerging
contaminants. By integrating modern computational methods
with stochastic optimization and surrogate modeling, we
demonstrated a powerful approach for designing effective,
robust remediation strategies under uncertainty.

The insights and tools developed herein provide a critical
pathway for improving predictive accuracy, refining risk
assessment, and optimizing remediation design. Ultimately,
this research advances our capacity to manage subsurface
contamination and promotes the sustainable stewardship of
essential groundwater resources.

ACKNOWLEDGMENT

I gratefully acknowledge the guidance, constructive
feedback, and support provided by my colleagues throughout
the preparation of this manuscript. | also thank my institution
for facilitating a conducive research environment. Their
contributions have been invaluable to this work.

REFERENCES

[1]. Famiglietti, J. S. (2014). The global groundwater
crisis. Nature Climate Change, 4(11), 945-948.

[2]. Fogg, G. E., & LaBolle, E. M. (2006). Motivation of
synthesis, with an example on groundwater quality
sustainability. Water Resources Research, 42(3).

[3]. Darcy, H. (1856). Les Fontaines Publiques de la Ville de
Dijon. Dalmont.

[4]. Bear, J. (1972). Dynamics of Fluids in Porous Media.
Elsevier.

[5]. Freeze, R. A., & Cherry, J. A. (1979). Groundwater.
Prentice-Hall.

[6]. Gelhar, L. W. (1986). Stochastic subsurface hydrology
from theory to applications. Water Resources Research,
22(9S), 135S-145S.

[7]. Berkowitz, B., Cortis, A., Dagan, G., & Scher, H. (2006).
Modeling non-Fickian transport in geological formations
as a continuous time random walk. Reviews of
Geophysics, 44(2).

[8]. Dagan, G. (1989). Flow and Transport in Porous
Formations. Springer-Verlag.

[9]. Rubin, Y. (2003). Applied Stochastic Hydrogeology.
Oxford University Press.

[10]. Tartakovsky, A. M., Marrero, C. O., Perdikaris, P.,
Tartakovsky, G. D., & Barajas-Solano, D. (2020).
Physics-Informed Deep Neural Networks for Learning
Parameters and Constitutive Relationships in Subsurface
Flow Problems. Water Resources Research, 56(5).

[11]. Laloy, E., Hérault, R., Jacques, D., & Linde, N. (2021).
Training-image based geostatistical inversion using a
deep generative adversarial network. Water Resources
Research, 57(2).

[12]. Hermans, T., & Paasche, H. (2021). 4D
hydrogeophysical data assimilation using state-space
models and ensemble Kalman filtering. Surveys in
Geophysics, 42(5), 1081-1104.

[13]. Shi, M., Zhang, F., & Lin, Y. (2020). Multi-scale
modeling of groundwater vulnerability. Advances in
Water Resources, 145, 103734.

WWW.ijisrt.com 2032


http://www.ijisrt.com/

Volume 10, Issue 11, November — 2025 International Journal of Innovative Science and Research Technology

ISSN No:-2456-2165

[14]. Guan, X., Zhang, Y., & Li, M. (2023). Bayesian source
identification of groundwater contamination using a
reactive transport model. Journal of Hydrology, 617,
128989.

[15]. Lichtner, P. C. (1996). Continuum formulation of
multicomponent-multiphase reactive transport. Reviews
in Mineralogy, 34, 1-81.

[16]. Prommer, H., Barry, D. A, & Zheng, C. (2003).
MODFLOW/MT3DMS-based reactive multicomponent
transport modeling. Ground Water, 41(2), 247-257.

[17]. Brusseau, M. L. (2019). The influence of molecular
structure on the adsorption of PFAS to soil and non-
aqueous  phase  liquids. Environmental  Science:
Processes & Impacts, 21(11), 1831-1839.

[18]. Li, D., Johnson, R. L., & Trigatti, M. (2022). Integrating
functional gene biomarkers into reactive transport
models for predicting in situ bioremediation
efficacy. Environmental Science & Technology, 56(12),
7893-7903.

[19]. Ogata, A., & Banks, R. B. (1961). A Solution of the
Differential Equation of Longitudinal Dispersion in
Porous Media. U.S. Geological Survey Professional
Paper 411-A. U.S. Government Printing Office.

IJISRT25NOV1350 WwWw.ijisrt.com

https://doi.org/10.38124/ijisrt/25nov1350

2033


http://www.ijisrt.com/

	I. INTRODUCTION
	II. MATHEMATICAL FOUNDATION OF SUBSURFACE FLOW

	III. TRANSPORT OF SOLUTES IN POROUS MEDIA
	Building upon the flow field, we rigorously derive the governing equations for contaminant transport, with special emphasis on the mechanisms governing both traditional and  emerging contaminants (e.g., pharmaceuticals, PFAS, and industrial compounds)...
	where 𝑪 is the solute concentration [ML⁻³], 𝜽 is porosity  𝒒 is the Darcy velocity [LT⁻¹] computed from the flow equation, 𝑫 is the hydrodynamic dispersion tensor [L²T⁻¹], and ∑,𝑹-𝒏. represents a suite of reactive source/sink terms.
	We critically explore the critical interplay between the key processes:
	Advection, governed by the heterogeneous velocity field 𝒒, acts as the primary driver, carrying contamination along preferential flow paths.
	Reactive interactions (∑,𝑹-𝒏.) are particularly nuanced for emerging contaminants. We model a range of reactions, including linear/non-linear sorption (e.g., Freundlich isotherms for PFAS), multi-species kinetic biodegradation, and redox transformat...
	For realistic scenarios involving complex geometry, strong heterogeneity, and non-linear reactions, we turn to numerical and computational modeling. The governing partial differential equations for flow and transport are discretized using methods such...
	A primary objective is to mathematically model the effectiveness of key remediation technologies under varying subsurface conditions. We achieve this by coupling the physical transport model with optimization frameworks. Stochastic optimization is emp...
	Given the high computational cost of repeatedly running complex transport models within an optimization loop, we leverage recent advances in surrogate modeling. Techniques such as Gaussian Process Regression (Kriging), Polynomial Chaos Expansion, or N...
	This section synthesizes the mathematical frameworks to offer critical insights through targeted applications. We present case studies that demonstrate the end-to-end process:
	 Risk Assessment Refinement: A case study of a chlorinated solvent plume where stochastic flow and transport modeling, informed by site data, was used to generate probabilistic capture maps and refine the conceptual site model, leading to a more accu...
	 Remediation Design Optimization: An application involving the pump-and-treat remediation of a heavy-metal plume. We show how a surrogate-assisted stochastic optimization framework successfully identified a pumping strategy that reduced operational c...
	 Emerging Contaminant Management: A study focused on a PFAS-impacted site, where the model incorporated specific non-linear sorption and co-contaminant effects. The model was used to evaluate the effectiveness of emerging remediation technologies lik...
	The work concludes by outlining the frontier of challenges and the mathematical directions required to address them. Key challenges include:
	 Hyper-resolution Heterogeneity: Integrating geophysical and geological data to create more realistic, non-Gaussian representations of aquifer heterogeneity.
	 Complex Biogeochemical Reactions: Developing efficient mathematical frameworks for coupling flow and transport with complex microbial communities and reaction networks, particularly for in-situ remediation.
	 Data Assimilation and Uncertainty Quantification: Advancing methods for real-time model updating (e.g., Ensemble Kalman Filters) to reduce predictive uncertainty and allow for adaptive management of remediation systems.
	 Machine Learning Integration: Exploring hybrid models that deeply integrate physics-based simulations with deep learning architectures to create ultra-fast, yet physically consistent, predictive models.
	By tackling these challenges, the mathematical science of subsurface hydrology will be better equipped to protect and promote the sustainable utilization of groundwater resourcesin the face of increasing contamination threats.
	ACKNOWLEDGMENT
	REFERENCES



