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Abstract: Let a be a transformation from X, - X, where X, ={1,2,3...n}, a finite set, also
letD,T,,D,0,,D,D,andDC,be the classes of disparity of elements of full transformation, order preserving, order decreasing,
order preserving and decreasing full transformation semigroup respectively. The disparity of elements in full transformation
semigroup is defined as [W*(a) — W~ (a)| = p wherep = {1,2}, W*(a) = max(Im(a)) and W~ (a) =min(1m(a)).

This research investigates the order of elementsin D,T,, and it subsemigroups, D,;0,,,D;D,andDC,,.The elements in each
semigroup were listed, arranged and tables were formed. The general n' term of the sequences were also derived. This research
work has an important application in computational algebra and theoretical computer science.
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. INTRODUCTION

Semigroup theory is a generalization of group theory
which has been popular topic in algebra for many years. The
study of various semigroups of transformation which has
aroused much interest in recent years have made significant
contributions in the study of semigroup theory. However, full,
partial and partial one-one transformation semigroups among
other subsemigroups of transformation have been studied and
have produced relevant results over the years.

Transformation semigroups are one of the most
fundamental mathematical objects, they occur in theoretical
computer science, where properties of language depend on
algebraic properties of various transformation semigroups
related to them. The finite semigroup of full transformation
was reproduced by stull (1944). The early 1940s saw the
publication of three highly influential papers (Rees (1940),
Clifford (1941) and Dubreuil (1941)) which have shaped the
subsequent development in the theory of semigroup. Up to
1941, most of the results obtained for semigroups had been
analogues of results for groups or rings. The theory of
semigroups went from strength in 1940s with an increasing
number of papers appearing. As the decade progressed, the
theory gradually gained momentum, culminating in the
publication of highly influential papers.

In recent years, many authors have also published
interesting research in semigroup transformation for example,
Howie (1995), Laradji and Umar (2004a, 2004b, 2007),
Adeniji and Makanjuola (2008,2010), Mogbonju, Ojo,

NISRT250CT002

Ogunleke (2012), Mogbonju, Azeez (2018), Moghonju
(2015), Adeniji (2012), Zubairu M.M and Bashir Ali (2018),
Ibrahim, Iman, Adesola and Bakare (2019),

In this research, we introduce a new class of semigroup,
disparity of elements in full transformation semigroup DT,
order preserving D,0, , order decreasing D,D,, and order
preserving and order decreasing D,C, full transformation
semigroup. The disparity of elements in full transformation
has to do with the difference in the image ais defined
as [Wt(a) — W (a)| =p, where p=
{1,2},W*(a) =max(Im(a)) and W~(a) = min(Im(a)).
we also obtained the order of the semigroups.

1. PRELIMINARIES
> Some Basic Definitions

e Group
A group is a set G together with a law of composition,
*, which has the following properties: For a, b, ¢c,e € G,

v ax* (bxc) = (a=b)*c (associativity)

v' e € G (Identity),a*e=a=-ex*a

v IfaeG,thena ! € G(inverse),axa ' =e=al*a=
e
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e Semigroup

A semigroup is a set S together with a binary operation
*,such S x S — S such that for all a,b,c € S, the operation
satisfies the associative law (a * b) * c = a * (b * ).

e Subsemigroup

Let (S, = ) be a semigroup and
T a non empty subset of S. Then, T is a subsemigroup of S
if itis closed under the semigroup operation =, thatis, a* b =
b *a, foralla,b €T.

e Order of Semigroup
The order of a semigroup S is the number of elements
in S, denoted by |S|.

e Transformation

Let X and Y be two non empty sets such that there is
some rule f which assigns to each element xe X, a unique
element ye Y, then this rule is said to be a transformation or
mapping or a function.

o Full Transformation Semigroup T,
T,ontheset X, = {1,2,3,...n}, isthe set of all maps «a :
X, — X,, under the operation of composition of mappings.

Let X,=1{123,...n} . A transformation «:
Dom(a) € X, — Im(a) € X, is said to be full if the
Dom(a) = X,.

e Order-Preserving O,
A transformation a € T, is said to be order - preserving
ifforallx,y € Dom (o) ,x < y = xa < ya.

e Order-Decreasing D,,
A transformation o € T, is said to be order-decreasing
if forall x,y € Dom(a), xa < x.

e Order Preserving and Decreasing C,,
A transformation o € T, is said to be Order Preserving
(Decreasing) if for all x,y € Dom(a), xa < x (xa < ya).

1. METHODOLOGY

In this research, the elements in the semigroup D,T,
were constructed by identifying the disparities of elements
from the full transformation semigroup T, = n" followed by
the elements of the subsemigroups, order preserving D;0,,,
order decreasing D,D,, and order preserving and decreasing
D.C, full transformation semigroup , the order of
arrangement were studied to derive the general nt" terms for
the sequence formed. It is shown that the composition of
mapping in the semigroup is associative.

» Theorem 3.1:

Let a € SsuchthatS = {D,T,,, D.0,,, D;D,, D;C, }
and let X,= {1,2,3,....n}, then, S=|W*(a) —
W= (a)|forall [W*(a) — W~ (a)] =pandp = 1,2.
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» Proof:

Since a € S such that S = {D,T,, D;0,, D;D,,, D;C,},
then, a € D,T,, , DO, , DD, , D;C, for all X, =
{1,2,3,....n},

Now,
S=|Wt(a) — W ()| for all
max(Im(a)) and W~ (a) = min(Im(a))

WH(a) =

Let xa = max(/m(a)) and ya = min(Im(a))
=S=|xa— ya| <2forallx,y € X,
This implies that Im(o)) = {i,i + 1},i = 1,2,...,n — 1.
Hence, S = | xa — ya| < 2.
» Proposition 3.1:

Let D, T, be disparity of elements of full transformation
semigroup. Composition of mappings is associative if
a, 3 and 6 are partial mappings such that the composition
S8(Ba) is defined if and only if the composition (68)«a is
defined and both are equal.
> Proof:

Define the mappings c: W - X,8: X » Y and 6:Y —
Z which can be shown as

a(w) = x,B(x) =yand 6(y) = zwherex € X,y
€Y, andzeZ

= (af) =yand p(8) =z
= a(Bd) = (Ba)s

Hence, a(B8) is defined, since (Ba)d is defined and
are both equal. Associativity of composition naturally leads
to the notation of semigroup. Thus, the disparity of elements
in full transformation are semigroup with respect to the
composition of full transformation.
e [For Example:

LetS = D,T,

Let az{(} é ;)}EDST3

o{( 2 Yjeon

c= {(; 5 i)} € D,T;

a(bc) = (ab)c
DG 1 39=G357

boe=(3 1 3)°G 3 V=G

[ERN
N

aob =(

—_
w
w

N
NN
= W
N—

554


https://doi.org/10.38124/ijisrt/25oct002
http://www.ijisrt.com/

Volume 10, Issue 10, October — 2025 International Journal of Innovative Science and Research Technology
ISSN No: -2456-2165 https://doi.org/10.38124/ijisrt/250ct002

a(bc)z(i § ;)(; 3 i) _ (é i ;) e Some of the Elements in D,T,, are:
Whenn =1
@re=0G 3G 351)=G71)

DT, = {(D} = 1 element ,
Therefore, a(bc) = (ab)c, hence, DT, is associative.

» Observations on D, T, Whenn = 2
Elements in D,T, were obtained from the relation 1 2\ /1 2
: c CX.,X = D.T, = ),( )=2elements,
?1,3?3??:});;;“;20((03)%l)/1(;‘(a)| = p where p is the Whenn:;}2 {(1 2 1}
set of {1,2},W*(«) = max (Im(a)) and W~ (a) = min
(Im(a)).
DTy =
GiDG3D6 6106750650
RN A X NCRE R N ] U
1 2 3\y(1 2 3H (1 2 3 (1 2 3H (1 2 3y(1 2 3
EEVEECERCER R G EE
(2 3 1)’(3 1 1)’(3 1 2)’(3 1 3)'(3 2 1)'(3 3 1)

» Observations on D,0,,
These are the elements of D;0,, forh = 1,2and n=1,2,3,...,n

Atn=1,
D0, =0,

At n=2,

D0, = {(1 g)} = 1 element,
At n=3,

po=f(E 2D DL TN I E L DG T Do emens

» Observations on D,D,,
These are the elements of D;D,, forh = 1,2 and n = 1,2,3,...,n

Atn=1,

D,D, = {G)} =1 element,

At n=2,

D,D, = {(1 g)} = 1 element,

At n=3,

o= 2 D00 2L T DL 2 )= semens

» Observations on D,C,
These are the elements of D;C,, forh = 1,2and n =1,2,3,...,n
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Atn=1, D,C; = 0, |Im(1)| = 0, |Im(2)| = 0

Atn=2,
DC, = {G ;)} = 1 element,
At n=3,
ne=(0 20 2 DG 3 DE 2 D)= scomens
v. MAIN RESULTS

» Resultsin DT,

Table 1 The Table Displays the Sequence of Elements in DT,

19 4 _ 165

|S|=n*——"n°+268n* — 368n + 174

1

2

24

142

QB WIN|FL| S

659

19 4 _ 165

e Theorem 4.1: LetS = DT, then |S| = . —n®+

268n% — 368n + 174

v Proof:

Let a € S with | ay —ax | <2 and considering the
sequence on the table 1 for [W*(a) — W~ (a)| =1, the
polynomial obtained for the order of disparity of elements in

full transformation |S | =2nt — 2% n3 4 268n% — 368n +

174, is chosen from the Im(«) such that Im(a) = {i,i + 1}
and since it is a full transformation, then Im(a) occur in i

ways with i = 1,2,3,...n— 1 then the result follows from
n —1 elements which is group in |S]| _Enzm _ﬁng n

268n% — 368n + 174

» Resultsin D, 0,

Table 2 The Table Displays the Sequence of Elements in D0,

N |S|=§n3—§n2—n+1
1 0
2 1
3 7
4 21
5 46

o Theorem 4.2: Let a € D0, then |S(a) | = §n3 - §n2 -
n+1

v" Proof:
The result follow from the elements in DO, , it is
known that |W*(a) — W~ (a)| = 1,2 which implies for

every a € D,0,, | S(a) | = §n3 - %nz —n + 1and the table
above shows the elements of D,0,,.

> Resultsin D.D,,

Table 3 The Table Displays the Sequence of Elements in D;D,,

|S|——n s_13 nd+2 —n’ ——n+13

3
1

1

5

17

g WINFR 2

53

» Resultsin DC,
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Table 4 The Table Displays the Sequence of Elements in D,C,

N |S|=—ln3+2n2—§n+2
6 6
1 0
2 1
3 4
4 8
5 12
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semigroups Ph.D Thesis submitted to Department
This research investigates the ordder of disparity of of Mathematics, University of llorin, Nigeria.
elements in full transformation semigroup D,T,, and it [11]. Mogbonju M.M, Ogunleke I.A, Adeniji A.O (2019),
subsemigroups D;0,,, D¢D,, and D¢C,,. We also obtained the polarity in signed symmetric group and signed
general n™ term for the sequences derived. The study found transformation semigroup, mathematical theory and
that the disparity of elements in the considerd semigroup is modeling vol 9. NO. 7.
bounded by 2. These results have a wide range of applications [12]. Rees, D. (1940). On semigroup. Proceedings of the
in  computational algebra, coding theory,automata Cambridge Philosophical Society 36: 387 - 400
theory,game theory, it will also be of importance in some [13]. Richard  F.Petersen  (2008).  Transformation
branches of physics and theoretical computer science. semigroups over groups. Ph.D Thesis University of
North Carolina State, University of Releigh, North
REFERENCES Carolina.
[14]. Stull, R. R. (1944). Representations of finite simple
[1]. Adeniji A.O (2012), Identity difference trasnformation semigroups. Dukc. Mathematical Journal 11: 251 -
semigroup. Ph. D thesis, University of llorin, Kwara 265.
state, Nigeria. [15]. Umar. A. (1992), On the semigroups of order-
[2]. Adeniji A.O. and Makanjuola S.O (2010), Ideals and decreasing finite full transformations. Proceeding of
elements in identity difference full the royal society of Edinburgh, 120A, 129-142
transformation semigroup, Journal of mathematical [16]. Umar.A. (2010), Some Combinatorial Problems in the
science Vol.21, No.3, 323-329. theory of symmetric inverse semigroups. Journal of
[3]. Adeniji A. O. and Makanjuola S. O. (2008), On Some Algebra Discrete Math, Vol.9, Number 2.pp.  115-
Combinatorial results of Collapse in full 126
transformation  semigroup, African Journal of
Computing and ICT 1(2),61-62.
[4]. Adesola D.A. (2013), “Some semigroup of full
contraction mappings of a finite chain”Phd
Thesis,Submitted to the Department Mathematics,
University of llorin, llorin, Kwara state Nigeria.
[5]. Akinwunmi S.A and Makanjuola S.O (2019), Partial
Contraction Transformation Semigroups. Nigerian
Journal of Mathematics and applications vol.
B,29,70-77
[6]. Akinwunmi S.A (2021), Combinatorial and Tropical
Computational characterizations of classical star-like
Finite Transformation Semigroups, Ph.D Thesis
submitted to Department of Mathematics, University
of Abuja, Nigeria.
[7]. Clifford, A. H. and Preston, G. B. (1961). The
Algebraic theory of semigroups. Mathematical
Surveys No. 7, Vol. 1. American Mathematical Society.
Providence RI.
[8]. Dubreil, P. (1941). Contribution a la theoric des demi-
groupes. Memores [’Academic des Sciences de I’
Institut de France (2) 63- 52pp
[9]. Ibrahim.A. (2023), Combinatorial Star-Loop Angular
Model of 3-Dimensional Nildempotency Star-like
Partial one-one transformation semigroup. A
Dissertation submitted to Department of Mathematics,
University of Abuja.
IJISRT250CT002 WWW.ijisrt.com 557


https://doi.org/10.38124/ijisrt/25oct002
http://www.ijisrt.com/

