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Abstract: The study of operators in Hilbert spaces is critical concept due to its wide applications in areas like quantum
physics, computer programming and optimization of system per-formance in control engineering. This paper focuses on a
class of n-posinormal and m-hyponormal operators in Hilbert spaces. Let H be a complex Hilbert space and B(H) be a
bounded linear operator acting on H, then an operator T in B(H) is n-posinormal if there exist a positive operator P> 0 such
that T"T * = T*PT", where P is known as the n" interrupter for the operator T. This paper studied the closed-ness aspect
and commutativ-ity properties of this operator and the related class of m-hyponormal operator in Hilbert space. The results
showed that if T is n-posinormal operator then, T * is also n-posinormal operator.The results also were extended to the class of
m-hyponormal operators. Similarly, the results showed that, if T is n-posinormal operator in Hilbert space H, then any
operator S, unitary equivalent to T, is also n-posinormal operator. Furthermore, the results showed that the class of n-
posinormal and m-hyponormal operators is closed in the operator norm topology. To achieve these results, the properties of
linear operators, normal operators and posinormal operators were extended to the higher order n-posinormal and m-
hyponormal operators.
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I INTRODUCTION 1. METHODOLOGY

Throughout this paper B(H) denotes the algebra of all
bounded operator on Hilbert space H. A linear operator T on
Hilbert space H is said to be bounded if there exist a constant
C > 0 such that ||Ty|| < C||T«/| for all x € H. T is self adjoint if
T =T+ invertible with inverse S if there exist S € B(H) such
that ST =1 =TS, where | is the identity operator. An operator T
€ B(H) is said to be normal if it commutes with its adjoint, that
isTT *=T+T, equivalently TT *—T *T = 0. An operator T is
said to be positive if T+ =T and (Tx,x) >0 for all x e H. An
operator T is said to be a posinormal if there exist an operator
P >0suchthat TT * =T+*PT where P is called an interrupter
for T. An operator T is called an n-posinormal operator if T"T
*=T+PT", where P is the n'h interrupter for T. An operator is
hyponormal if TT * < T+T and T is m-hyponormal operator
if T?T =M < T+MT™ for a finite integer m.
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Adnan (2008), characterized normal operators and
proved that an operator is n-power nor-mal if it commutes with
TN ,thatis T"T *=T+T". He also explored on the closed-ness
properties under scalar multiplication and unitary
equivalence on n power normal opera-tors. He proved that n
power normal operators were closed under scalar
multiplication and under unitary equivalent.

Adnan’s work was then extended to hyponormal
operators by Messaoud G (2013). Messaoud G, proved that
any operator S which is unitary equivalent to hyponormal
oper-ator T is also an hyponormal operator. Then Kubrusly
(2016),established that powers of normal operators remain
normal, however the powers of hyponormal operators need
not be hyponormal general.

Elmoctor (2021) described an operator T to be an n-
posinormal operator if R(T") € R(T *) for any positive integer
n. It was proved that n-posinormal operator contains posi-
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normal operators as a subclass and is invariant under positive
integer n.

» Lemma2l
Let Q € PN(H) be having a bounded Qwmpi. Then the
Ran(Q) is closed.

» Preposition 2.2
(C.S Kubrusly et al, 2007):

Take an arbitrary operator T € B(H)

e T is posinormal if any of the following equivalent
assertions are fulfilled:

v’ (a1) TT*=T+PT for some P> 0.

v’ (az) TT *<T*PT for some P> 0.

v (as) T =T~L for some LEB(H).

v (ag) R(T)E R(T*)

v (@) TT* < a®T +T for some a 0.
(@) [T

e T iscoposinormal if T* is posinormal.

AN

| <a||Tx|| for some « > 0 and every x € H.

» Lemma 2.3
T € B(H) is unitarily equivalent to a unitary operator if
and only if it is a unitary operator.

1. RESULTS AND DISCUSSION

» Theorem 2.4

If T is an n-posinormal operator, then its adjoint T+ isan
n-posinormal operator Proof From the definition an operator
T is n-coposinormal if T+T"= T"RT *, for R >0. Suppose that
T is n-posinormal operator then there exist P > 0 such that
T"T*=T+PT",

Taking adjoints on both sides we get,
(T"T *)* = (T *PT")* T**(T*)" = (T”)*P(T*)* T (T *)n = (T *)nPT,

This implies that n-posinormal operator is closed under
taking adjoints.

This theorem was extended to the related class of m-
hyponormal operator. The results were presented in theorem
25
Theorem 2.5

Let Te B(H) be an m-hyponormal operator in Hilbert
space H, then the adjoint T+ is not m-hyponormal in general.

e Proof.

Recall the definition of m-hyponormal operator, (T *T )™
> (TT =)™, which simplifies to T*"T™ > T™T *" or
equivalently, T*"T™ —-TMT =M > Q,
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We then suppose T to be hyponormal operator and
consider it’s adjoint We proceed and replace T with it’s
adjoint, T+, that is.

(T=M(T=)™ = (T+)"(T+)*", we then obtain, tm *m - *mm

This is a contradiction to the definition of m-
hyponormal operator, indeed the inequality sign reverses

> Remark 2.6

The validity of the closure of m-hyponormal operator
under taking adjoints is guaranteed if and only if T™ is
normal, that is T"T =™ =T +MT™,

The next result on closed-ness was presented in the form
of atheorem 2.7

» Theorem 2.7
If T is n- posinormal operator in Hilbert space, then any
operator S unitary equivalent to T is also n-posinormal.

e Proof
Two operators T and S are unitary equivalence if there
exists a unitary operator Usuch S=UTU*

We consider an operator T, that is n-posinormal and
unitary equivalent to operator S. We rewrite the operator S in
the form of T (T*)" = (T+*)"PT.
thus S"S* =(UTU *)"(UTU #)

since U is unitary then UU* =1 (UTU *)"=UT"U *,
(UTU =)%)=UT *U~.

S"S+==(UT"U *)(UT *U +), substituting in the n-
posinormality condition we get.

UT"T U+ =U(T-QT")U*
U(T*QT"= (UT *U+)(UQU *)(UT"U~)

UQU * is positive since unitary conjugate preserves
positivity. Therefore, S"S*=S+(UQU *)S".

If T is n-posinormal, then any unitary equivalent
operator S is also n-posinormal.

The results on unitary equivalence on n-posinormal
operators were extended to the related class of m-hyponormal
operators.

The findings were presented in the preposition 2.8

> Preposition 2.8

Let T be m-hyponormal operator on H, and let U be a
unitary operator on H. Then the operator S=U*TU is also
m-hyponormal operator.

e Proof
We define S=U*TU, and then proceed to show that S is
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also m-hyponormal operator. We compulte;
S*msm —_ SmS*m - U *(T *me — TmT *m)U.

Since T*MT™ — T™T+" > 0, by assumption and U is
unitary, then the lemma above implies

U*(T*mT™—-T™T MU > 0. Therefore,
S*mSm — SMS+M > 0 and S is m-hyponormal operator.

These results indicates that m-hyponormal is invariant
under unitary equivalence.

This study also explored the closure of n-posinormal
operator under the context of operator norm topology.

» Preposition 2.9
The class of n-posinormal operator is closed under the
operator norm topology

e Proof

Let T« be a sequence of n-posinormal operator
converging in the norm of T. For each k, there exist a positive
operator Py > 0 satisfying :

T"T ==T *P¢T", Since norm convergence implies
convergence of products and adjoints

k k k

(Norm convergence implies strong convergence of the
operator powers). Thus,

T"T *~—T-T" and
k k k k
TkT* — TT * in operator norm.

Assume supPx = P <co. Taking limits preserves the
operator equality hence,

T"T==T*PT". Hence T is a posinormal.

Similarly the study established the closure property of
m-hyponormal operator under the operator norm topology.
Theorem 2.10 was derived

» Theorem 2.10
The class of m-hyponormal operator is closed in the
operator norm topology

e Proof

Let T, be a sequence of m-hyponormal operators in
B(H) such that T, —— T in the oper-ator norm. We proceed
and and show that T is m-hyponormal operator.
Since the map S —— S™ is norm continuous on B(H), we have

(T*™ —— (T*)™ in the operator norm, for each n, m-
hyponormality of T, gives, (T*)"T™ - T™(T )™ >0
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Consider the operator
An = (T#)"TM - T0(T#m
n n n n

By continuity of multiplication in B(H), Ay — A in the
norm where

A= (T+)mTm - Tm(T )
n n n n

Since the cone of positive operators is closed in the
operator norm topology, the limit of A is also positive. Hence,

(T - T(T+)" > 0

Therefore T is m-hyponormal operator. This proves that
class of m-hyponormal operator is norm closed.

V. CONCLUSIONS

This research paper focused on the closed-ness
properties of n-posinormal operator and the related class of
m-hyponormal operators in Hilbert spaces. Several
properties have been investigated including closed-ness
under taking adjionts,under unitary equivalence and also on
operator norm topology. Future research will be towards the
spectral proper-ties of n-posinormal operators and the related
class of m-hyponormal operators.
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