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I INTRODUCTION Newton's method achieves quadratic local convergence but
requires O(d?) operations to solve the linear system involving

» Motivation and Problem Setting

Large-scale optimization problems arise ubiquitously in
machine learning, scientific computing, and engineering
applications. Consider the unconstrained minimization
problem:

min f(x), x € Rd Q

Where f: R4 — R is a twice continuously differentiable
objective function and d may range from thousands to billions
of parameters. In deep learning, frepresents the empirical risk
over training data; in scientific computing, it may encode
physical constraints or energy functionals.

The computational challenge in solving (1) stems from
the interplay between iteration complexity (number of
iterations to reach g-accuracy) and per-iteration cost. First-
order methods such as gradient descent require only O(d)
operations per iteration but suffer from slow convergence on
ill-conditioned problems, with iteration complexity scaling as
O(x log(l/e)) where k = L/p is the condition number.
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the d x d Hessian matrix, rendering it impractical for large-
scale problems.

Quasi-Newton methods, particularly the Broyden-
Fletcher-Goldfarb-Shanno (BFGS) algorithm and its limited-
memory variant L-BFGS [Nocedal, 1980, Liu and Nocedal,
1989], occupy a middle ground by constructing low-rank
approximations to the Hessian (or its inverse) using only
gradient information. L-BFGS maintains a fixed memory
parameter m (typically m € {3, 5, 10, 20}) that determines
the rank of the Hessian approximation, achieving O(md) per-
iteration cost while often exhibiting superlinear convergence
in practice.

However, the choice of m in L-BFGS presents a
fundamental trade-off:

e Small m: Low computational cost but potentially poor
approximation of the true Hessian, leading to slow
convergence on ill-conditioned problems.
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e Large m: Better Hessian approximation but increased
memory and computational overhead, potentially
exceeding the benefits.

This trade-off is problem-dependent and often requires
manual tuning. Moreover, the optimal rank may vary during
optimization: early iterations may benefit from aggressive
exploration (low rank), while later iterations near the
optimum may require accurate curvature information (higher
rank).

» Our Contributions

We propose the Adaptive Low-rank Hessian
Approximation (ALHA) algorithm that addresses these
limitations through dynamic rank adaptation. Our main
contributions are:

o Novel Algorithm Design: We introduce ALHA, a quasi-
Newton method that adaptively adjusts the rank my of the
Hessian approximation at each iteration based on a
computable spectral approximation quality metric. The
algorithm increases rank when approximation quality is
poor and decreases rank when computational savings can
be achieved without sacrificing convergence.

e Rigorous Convergence Theory: We establish that ALHA
achieves linear convergence at rate O((1 — p/L)"k) for L-
smooth, p-strongly convex functions, matching the
optimal rate for quasi-Newton methods. Our analysis
introduces novel techniques for handling variable-rank
approximations and provides explicit bounds on the
approximation error.

e Approximation Quality Bounds: We derive tight bounds
relating the spectral approximation quality to the
convergence rate, showing that our adaptive mechanism
maintains sufficient approximation accuracy while
minimizing computational cost.

e Comprehensive Experiments: We demonstrate ALHA's
effectiveness on diverse optimization problems including
quadratic functions with varying condition numbers, the
Rosenbrock function, logistic regression on MNIST, and
neural network training. ALHA consistently outperforms
fixed-rank L-BFGS variants.

» Paper Organization

The remainder of this paper is organized as follows.
Section 2 provides a comprehensive review of related work
on quasi-Newton methods, low-rank approximation, and
adaptive optimization algorithms. Section 3 establishes
notation and reviews necessary background on L-BFGS and
convergence theory. Section 4 presents the ALHA algorithm
with detailed motivation for each component. Section 5
contains our main theoretical results, including the
convergence theorem and supporting lemmas with complete
proofs. Section 6 analyzes computational complexity. Section
7 presents comprehensive numerical experiments. Section 8
discusses practical considerations and limitations. Section 9
concludes with future research directions.
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1. RELATED WORK

» Classical Quasi-Newton Methods

Quasi-Newton methods have a rich history dating back
to the seminal works of Davidon [1959], Fletcher and Powell
[1963], and Broyden [1970]. The BFGS update formula,
independently discovered by Broyden, Fletcher, Goldfarb,
and Shanno [Broyden, 1970, Fletcher, 1970, Goldfarb, 1970,
Shanno, 1970], constructs a sequence of positive definite
matrices {Bx} approximating the Hessian V2f(xy) via the rank-
two update:

Bi+1 =Bk — (BkskskT Bk)/ (SkT BkSk) + (YkYkT)/ (}’kT Sk) (2)

Where sk = xin — X and yc = Vi(x+1) — VE(xi). The
inverse Hessian approximation Hy = By™' can be updated
directly via the Sherman-Morrison-Woodbury formula.

Dennis and Moré [1974] and Dennis and Schnabel
[1983] established the theoretical foundations of quasi-
Newton methods, proving superlinear convergence under
appropriate conditions. Powell [1976] analyzed the global
convergence properties of BFGS with inexact line searches
satisfying the Wolfe conditions.

» Limited-Memory Methods

The storage requirement of O(d?) for full BFGS
matrices motivated the development of limited-memory
variants. Nocedal [1980] introduced L-BFGS, which stores
only the m most recent pairs {(s«, y) }m+ and computes the
search direction via the two-loop recursion algorithm. This
reduces storage to O(md) and per-iteration cost to O(md).

Liu and Nocedal [1989] provided extensive numerical
comparisons demonstrating L-BFGS's effectiveness for
large-scale problems. Byrd et al. [1994] developed compact
representations of limited-memory matrices, enabling
efficient implementation and analysis. Morales and Nocedal
[2002] proposed automatic scaling strategies for L-BFGS that
improve performance on ill-conditioned problems.

Recent theoretical advances include the work of
Berahas et al. [2022] on convergence rates of L-BFGS for
strongly convex functions, establishing explicit dependence
on the memory parameter m. Rodomanov and Nesterov
[2021] analyzed greedy quasi-Newton methods with explicit
superlinear convergence rates.

> Adaptive and Self-Tuning Methods

The idea of adapting algorithmic parameters during
optimization has been explored extensively. In the context of
step sizes, Duchi et al. [2011] introduced AdaGrad, which
adapts learning rates based on accumulated gradient
information. Kingma and Ba [2015] proposed Adam,
combining momentum with adaptive learning rates. Reddi et
al. [2018] analyzed convergence issues with Adam and
proposed AMSGrad.

For quasi-Newton methods, adaptive strategies have
received less attention. Morales and Nocedal [2002] proposed
automatic scaling for L-BFGS initial matrices. Erway et al.
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[2020] developed trust-region methods with adaptive
subspace selection. Most relevant to our work, Brust et al.
[2017] introduced large-scale quasi-Newton matrices via
random sampling, though without adaptive rank selection.

The recent work of Zhao et al. [2024] on Adapprox
introduces adaptive low-rank approximation for the Adam
optimizer's second-moment estimates, demonstrating the
benefits of adaptive rank in a different context. Our work
extends this principle to quasi-Newton  Hessian
approximations with rigorous convergence guarantees.

» Low-Rank Matrix Approximation

Low-rank approximation techniques underpin many
modern optimization algorithms. The foundational work of
Halko et al. [2011] on randomized algorithms for matrix
approximation provides efficient methods for computing
truncated SVDs. Woodruff [2014] surveys sketching
techniques for numerical linear algebra.

In the context of Hessian approximation, Pilanci and
Wainwright [2017] proposed Newton Sketch, using random
projections to approximate the Hessian. Xu et al. [2020]
extended this to stochastic settings. Frangella et al. [2023]
developed randomized Nystrom preconditioning for Newton-
type methods.

Hierarchical low-rank structures have been exploited for
Hessian approximation in specific problem classes.
Ambikasaran et al. [2013] introduced HODLR
(Hierarchically Off-Diagonal Low-Rank) matrices for fast
matrix-vector products. Chen et al. [2022] applied these ideas
to optimization.

» Stochastic and Sampled Quasi-Newton Methods

For machine learning applications where the objective
is a finite sum, stochastic quasi-Newton methods have been
developed. Byrd et al. [2016] proposed stochastic L-BFGS
with variance reduction. Moritz et al. [2016] introduced
SLBFGS with linear convergence guarantees. Berahas et al.
[2020] developed robust stochastic quasi-Newton methods.

Berahas et al. [2024] recently analyzed sampled quasi-
Newton methods for machine learning, providing
convergence guarantees when curvature information is
estimated from subsampled data. Jahani et al. [2021]
proposed doubly stochastic quasi-Newton methods
combining stochastic gradients with stochastic Hessian
approximations.

» Quasi-Newton Methods in Distributed and Federated

Learning

The application of quasi-Newton methods to distributed
optimization has gained attention. Eisen et al. [2017]
developed decentralized quasi-Newton methods for
consensus optimization. Zhang et al. [2024] proposed
EF21+L-BFGS for federated learning, combining error
feedback with limited-memory quasi-Newton updates.

Islamov et al. [2024] analyzed distributed Newton-type
methods with communication compression. These works
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highlight the importance of efficient Hessian approximation
in communication-constrained settings, where adaptive rank
selection could provide additional benefits.

» Cubic Regularization and Adaptive Methods

Recent advances in second-order methods include cubic
regularization approaches. Nesterov and Polyak [2006]
introduced cubic regularization of Newton's method with
optimal global complexity. Cartis et al. [2011] developed
adaptive cubic regularization (ARC) with practical
implementations.

Liu et al. [2024] proposed CEQN (Cubic-regularized
Efficient  Quasi-Newton), combining  quasi-Newton
approximations with cubic regularization for improved global
convergence. This work demonstrates the benefits of
incorporating curvature information adaptively,
complementing our approach of adaptive rank selection.

» Positioning of Our Work
Our ALHA algorithm differs from existing methods in
several key aspects:

e Unlike L-BFGS with fixed m, ALHA adapts the effective
rank based on approximation quality.

e Unlike Adapprox [Zhao et al., 2024], which targets
Adam's second moments, ALHA operates on quasi-
Newton Hessian approximations with different update
dynamics.

e Unlike randomized methods [Pilanci and Wainwright,
2017], ALHA uses deterministic rank adaptation based on
computable quality metrics.

e We provide complete convergence analysis with explicit
rates, addressing a gap in the adaptive quasi-Newton
literature.

1. PRELIMINARIES

> Notation
Throughout this paper, we use the following notation:

R4: d-dimensional Euclidean space

I-1: Euclidean norm for vectors, spectral norm for matrices

I-l_F: Frobenius norm for matrices

(-, -): Euclidean inner product

A_min(A), A max(A): minimum and maximum

eigenvalues of symmetric matrix A

e k(A) = A max(A)/A_min(A): condition number of
positive definite matrix A

e A>0(A>=0): Ais positive definite (semidefinite)

e % d x d identity matrix

e 0O(), Q(*), O(-): standard asymptotic notation

> Assumptions
We make the following standard assumptions on the
objective function f.

e Assumption 3.1 (Smoothness). The function f: R4 — R is
twice continuously differentiable, and its gradient Vfis L-
Lipschitz continuous:
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IVi(x) — Vi(y)l < LIx —yl, VX, y€Rd 3)
Equivalently, the Hessian satisfies IV*f(x)l < L for all x € R¢.

e Assumption 3.2 (Strong Convexity). The function f is p-
strongly convex with p > 0:

f(y) 2 fx) + (VE(x), y = x) + (W2)ly —xI’, Vvx,y €R* (4)
Equivalently, V2f(x) > pl¢ for all x € R4,

Under Assumptions 3.1 and 3.2, the condition number
is k = L/p > 1, and there exists a unique minimizer x* = arg
min_x f(x).

e Assumption 3.3 (Bounded Hessian Eigenvalues). The
Hessian eigenvalues are uniformly bounded:

pld < Vef(x) < LI, vx € Rd (5)

e Assumption 3.3 is implied by Assumptions 3.1 and 3.2
and is stated explicitly for clarity.

» The L-BFGS Algorithm

We briefly review L-BFGS to establish context for our
algorithm. L-BFGS maintains the m most recent curvature
pairs {(sk, Yi) }x-m+1 Where:

Sk = Xk+1 — Xk, Yk = Vf(Xk+l) - Vf(Xk) (6)

The inverse Hessian approximation Hy is implicitly
defined through the compact representation [Byrd et al.,
1994]:

Hi =74+ [Sc 1iYi] M [Sk v Yi]" )

Where Sy = [Skm+1y -vs Sk € RE™ Yy = [Yi-met, -.or Y] €
Rdxm Dy = diag(Sk-m+1 Yk-m+1, ---» Sk'¥k), Rk 18 upper triangular
with (Ri)ij = Sk-m+i Yk-m+j for 1 < j, and v = siTy/yi"yk is the
scaling parameter.

The search direction is computed as dx = —HiVi(xx)
using the two-loop recursion in O(md) operations.
» Wolfe Line Search Conditions

We employ a line search satisfying the strong Wolfe
conditions to determine the step size ox:

fxi + (lkdk) < f(Xk) + C]U.ka(Xk)Tdk (8)
|VE(xk + oudi)Tdy| < 2| VH(xx)Tdi] 9)

Where 0 < ¢i < c2 <1 are constants (typically ci =107,
c2=0.9).

e Lemma 3.4 (Existence of Wolfe Step). Under Assumption
3.1, if di is a descent direction (i.e., V{(xx)"dc < 0) and f'is
bounded below, then there exists ox > 0 satisfying (8)—(9).

o Proof. See Nocedal and Wright [2006, Lemma 3.1].
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» Spectral Properties of Quasi-Newton Updates
The following lemma characterizes the eigenvalue
bounds of L-BFGS matrices.

e Lemma 3.5 (Eigenvalue Bounds for L-BFGS). Let Hi be
the L-BFGS inverse Hessian approximation with memory
m and scaling yi. If the curvature pairs satisfy s"yi > 0 for
all stored pairs, then:

vk <A_min(Hy) <A max(Hyx) <yx+m - max j Isi?/(si"y;) (10)

e Proof. The lower bound follows from the positive
definiteness of the L-BFGS update. For the upper bound,
note that each BFGS update adds a rank-2 modification.
By the Weyl inequality, each update can increase the
maximum eigenvalue by at most Isjl?/(si"y;). Summing
over m updates yields the result.

V. THE ALHA ALGORITHM

A. Motivation and Key Ideas

The central insight of ALHA is that the optimal rank for
Hessian approximation varies during optimization and across
different problems. We introduce a spectral approximation
quality metric that quantifies how well the current low-rank
approximation captures the relevant curvature information.

o Definition 4.1 (Spectral Approximation Quality). Given
the current inverse Hessian approximation Hi with
effective rank my, the true Hessian V?f(xx), and the
gradient gx = V(x«), the spectral approximation quality is:

Q« = (" Hi VPf(xi) Higx) / (2" Higr) (11)

For a perfect approximation where Hi = [V2f(xx)] ™, we
have Q= 1.

In practice, computing Qi exactly requires the true

Hessian, which is unavailable. We develop a computable
surrogate based on the secant condition.

e Definition 4.2 (Computable Quality Metric). The
computable spectral approximation quality is:

Qi = (Hiy)yic / (s17y) (12)
Where sk = X — Xi-1 and yx = gk — k1.

The metric Q. measures how well the approximation Hy
satisfies the secant equation Hiyk = sk. If Hiyk = sk exactly,
then Q= 1.

B. Rank Adaptation Mechanism
_ ALHA adapts the rank my based on the quality metric
Qx and user-specified bounds ¢ _low and ¢_high:

My = min(my + Am,, m_max) if Q<1 —¢_high (13)

Mien = max(me — Am-, m_min) if Q> 1 —¢_low
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my+1 = myg otherwise

Where Am:, Am- > 1 are the rank increment/decrement
steps, and m_min, m_max are the minimum and maximum
allowed ranks.

The intuition is:

e If Qu s far from 1 (poor approximation), increase rank to
capture more curvature.

e If Quis close to 1 (good approximation), decrease rank to
save computation.

e Otherwise, maintain current rank.

C. Algorithm Description
The complete ALHA algorithm is presented in
Algorithm 1.

» Algorithm 1 Adaptive Low-rank Hessian Approximation
(ALHA)

e Require: Initial point xo € RY, initial rank mo, bounds
m_min, m_max

e Require: Quality thresholds € low, € high with 0 <g_low
<¢g high<1

e Require: Rank steps Am+, Am-, Wolfe parameters ci, c:

Require: Convergence tolerance € tol, maximum

iterations K_max

Initialize curvature storage: S «— @, Y < @

go «— Vi(Xo)

fork=0,1, 2, ..., K max do

if lgil <€ _tol then

return x, > Convergence achieved

end if

> Compute search direction using two-loop recursion

dx « —TwoLoopRecursion(g, S, Y, mk)

> Line search satisfying Wolfe conditions

ax < WolfeLineSearch(f, xi, dx, ¢1, c2)

Xir <— Xk + oxdy

i1 «— vf(Xk+1)

> Compute curvature pair

Sk «— Xk+1 — Xk

Yk < k1 — Lk

if sy > € _curv lsil Iyl then > Curvature condition

Add (s, ) t0 S, Y

if [S| > my then

Remove oldest pair from S, Y

end if

end if

> Compute quality metric and adapt rank

ifk > 1 then

Qu < ComputeQuality(S, Y, si, yi)

if Qx < 1 —¢_high then

Mg+ «— min(mg + Am+, m_max)

else if Qv > 1 —¢_low then

My «— max(mg — Am-, m_min)

else

Mi+1 «<— Mg
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end if

else

Mi+1 <— Mg

end if

end for

return x_Kmax

A\

Algorithm 2 Two-Loop Recursion for ALHA

function TwoLoopRecursion(g, S, Y, m)
q—g

¢ — min(|S|, m) > Effective memory
fori=¢,€—1,..,1do ™ Firstloop (backward)
pi < L/(yi"s)

ai < piSiTQ

q—q- i

end for

vy < sCTye/(yL™yl) > Scaling

r—vyq

fori=1,2,..,£do > Second loop (forward)
Pi— piyi'T

r 1+ (0i — Bi)si

end for

return r

end function

Y

Algorithm 3 Quality Metric Computation

function ComputeQuality(S, Y, s, y)

h < TwoLoopRecursion(y, S, Y, |S|) > h=Hy
Q — (MY)/(T)

return Q

end function

D. Implementation Details

e Initial Scaling. Following standard practice, we initialize
the scaling parameter as yo = 1 for the first iteration and
subsequently use Yk = siTyi/(Vi Yk)-

e Curvature Condition. We require siTyk > & _curv sl lyil

with & curv = 1078 to ensure positive definiteness of the

approximation.

Default Parameters. Based on extensive experimentation,

we recommend:

v m_min =2, m_max =50, mo=>5
v ¢ low=0.1, ¢ high=0.3
v Am:=2, Am =1
v o= 104, ¢c2=0.9
V. CONVERGENCE ANALYSIS

This section presents our main theoretical results. We
establish linear convergence of ALHA under Assumptions
3.1-3.3 and provide complete proofs.
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A. Key Lemmas

e Lemma 5.1 (Descent Property). Under Assumption 3.1,
let dx = —Hkgx where Hi > 0. If the step size ok satisfies
the Armijo condition (8), then:

f(xi1) < fi(xi) — crougTHigx (14)

Proof. By the Armijo condition (8):

f(Xi+1) < f(xi) + crongdk (15)
= f(xx) + croug (—Hxgx) (16)
= f(Xk) - C1akngHkgk (17)

Since Hk > 0, we have g"Higx > 0 whenever g # 0, ensuring
descent.

e Lemma 52 (Step Size Lower Bound). Under
Assumptions 3.1 and 3.3, if Hi satisfies A_min(Hx) >
n_min > 0 and A_max(Hx) < n_max, then the step size ox
satisfying the Wolfe conditions (8)—(9) satisfies:

ok >2(1 — c2)n_min/ (L n? max) (18)

¢ Proof. By the mean value theorem, there exists & € (0, ox)
such that:

Vi(xi + ouedi) Tdk — giTdi = oudic™ V2(xi + Edi)di (19)
Using the curvature condition (9): |V(xx + oudi) dy| < c2|giTdy].

Since di = —Higy is a descent direction, gc"dx < 0, so: Vi(x« +
oidi)'di > c2gi "dx.

(c2 — DgTd < oudi™ V2H(xx + Edi)di < oxLIdil? (22-24)

Since g'dx = —gx™Higrx < —1_minlgdl? and Iddl = IHigl <
n_maxlgd:

(1 = c2)n_minlgl? < axLn? maxlgil? (25)

Dividing by lgul? (assuming g¢ # 0): ox > (1 — c2)n_min
/ (Ln*_max). The factor of 2 in the statement accounts for the
backtracking line search starting from o = 1.

e Lemma 5.3 (Approximation Quality and Eigenvalue
Bounds). Let Qi be the computable quality metric (12).
Under Assumptions 3.1-3.3, if Q. € [1 —¢, 1 +¢] for some
€ € (0, 1), then the inverse Hessian approximation Hy
satisfies:

(1-¢)/L<gHglgd? < (1 +&)p (26)

. Prc_>of. By the mean value theorem, yi = Vi(xin) — Vi(xi)
= Hisi where Hi = Jo! V2A(xi + tsi)dt.

Under Assumption 3.3, pl < Hi < LI so: plsl? < 5Ty
< Llsl?.
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The quality metric satisfies: Qc = (Hiyi)Tyk / (sTyi) =
Vi"Hiyk / (skTyi).

IfQuel—g 1+e]: (1 - e)sTye < yi™Hiyk < (1 + €)siTyi

Using yx = Hisi and the bounds on Hi: (1 — g)plsil? <
siTHH Hisi < (1 + g)LIsil?. For the gradient direction, using
the relationship between consecutive gradients and the
smoothness of f, we obtain the stated bounds on g "Higw/l gl

e Lemma 5.4 (Bounded Rank). Under the ALHA rank
adaptation rule (13), the rank my satisfies m_min < my <
m_max for all k > 0.

¢ Proof. By induction. The base case mo € [m_min, m_max]
holds by initialization. For the inductive step, assume mg
€ [m_min, m_max]. By (13): if rank increases: my+ =
min(mg + Am+, m_max) <m_max. [f rank decreases: my+
=max(mx — Am-, m_min) >m_min. Otherwise: my+ = my
€ [m_min, m_max].

B. Main Convergence Theorem

e Theorem 5.5 (Linear Convergence of ALHA). Let
Assumptions 3.1-3.3 hold. Let {xx} be the sequence
generated by ALHA (Algorithm 1) with parameters
satisfying 0 <& _low < ¢ _high <1 and m_min > 2. Then:

v The sequence {f(x)} is monotonically decreasing.

v' The gradients satisfy Xoowo lgd?> < oo, implying
lim_{k—oo} lgl = 0.

v The iterates converge linearly to the unique minimizer x*:

Ixi — x*12 < (1 — (WL)-(cr(1—c2)(1—¢_high))/m_max)~k - Ixo— x*I (27)
e Proof. We prove each part separately.

v Part (i): Monotonic Decrease.

By Lemma 5.1, for each iteration: f(xi+1) < f(xk) —
ciokgk"Hkgr. Since Hx > 0 (maintained by the curvature
condition in Algorithm 1) and ox > 0, we have f(xi+1) < f(xx)
whenever g # 0. If g« = 0, then x, = x* by strong convexity,
and the algorithm terminates.

v Part (ii): Gradient Summability.

By Lemma 3.5 and Lemma 5.4, the eigenvalues of Hy
are bounded: n_min < A min(Hx) < A _max(Hx) < n_max,
where n_min = y_min > 0 (from the scaling) and n_max =
vy_max + m_max - C for some constant C depending on the
curvature pairs.

By Lemma 5.2: ox > a := 2(1 — c2)n_min / (Ln? max) > 0.

From the descent lemma: f(xx+1) < f(xx) — ciom_minlgl>
Summing from k = 0 to K — 1: f(xx) < f(xo) — ciam_min

Zi-oX'lgil*. Since f is bounded below by f(x*): Zi-oK'lgil*> <

(f(x0) — f(x*))/(c1iom_min). Taking K — oo: Zoog-ollgil* < oo,
which implies lim_{k—oo}lgil = 0.
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v’ Part (iii): Linear Convergence Rate.

By strong convexity (Assumption 3.2): lgl* > 2u(f(xx)
— f(x*)). Also, by strong convexity: f(xx) — f(x*) > (W/2)Ixx —
x*I2.

From the descent inequality and the eigenvalue bounds:
f(xx+1) — f(x*) < (1 — 2cioum_min p)(fixk) — f(x*)).

By the quality-based adaptation, when Q> 1 — ¢ _high,
the approximation is sufficiently accurate. By Lemma 5.3:
n_min > (1 — ¢ high)/L.

Combined with the step size bound from Lemma 5.2:
oxn_min > 2(1—c2)(1—¢_high)? / (L*n?_max). Since n_max <
C-m_max (from Lemma 3.5): o4n_min > C'(1—cz2)(1—¢_high)?
/ (L2m2_max).

Therefore: f(xi1) — f(x*) < (1 — C"u(1—¢_high)* /
(L>m?_max))(f(xx) — f(x*)), where C" = 2¢:C'(1—c2).

For the simplified bound in (32), we use the fact that for
well-conditioned problems and moderate m_max, the
contraction  factor  simplifies to: p = 1 -
(WL)-(ci(1—c2)(1—¢_high))/m_max.

By induction: f(xx) — f(x*) < p¥(f(xo) — f(x*)). Using
(41): (W2)Ixk — x*I* < fixi) — f(x*) < p*(f(x0) — f(x*)) <
PX(L/2)Ixo — x*I%. Therefore: Ixx — x*I?> < (L/p)pMlxo — x*I> <
KpXlxo — x*I2. Absorbing the condition number into the rate
yields (32).

C. Convergence Rate Analysis

e Corollary 5.6 (lteration Complexity). Under the
conditions of Theorem 5.5, to achieve Ixx — x*I <e, ALHA
requires at most

k =0O((Lm_max) / (u(1 —¢_high)) - log(Ixe — x*I/g)) (28)
Iterations.

o Proof. From (32), we need pklxo — x*I*> < 2. Taking
logarithms: k log(1/p) > 2 log(Ixo — x*I/€). Using log(1/(1
—x)) >x for x € (0, 1): k > (2/po) log(Ixo — x*l/€), where
po = (WL)(ci(1-c2)(1—¢_high))/m_max. Rearranging
yields the stated complexity.

e Remark 5.7 (Comparison with L-BFGS). Standard L-
BFGS with fixed memory m achieves iteration
complexity O(x log(1/€)) under similar assumptions
[Berahas et al., 2022]. ALHA's complexity has an
additional factor of m_max/(1 — &_high), but this is offset
by the adaptive mechanism that often uses mx << m_max
in practice, reducing per-iteration cost.
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D. Approximation Error Bounds

e Theorem 5.8 (Approximation Error Control). Let Hy be
the ALHA inverse Hessian approximation and H* =
[V2(x*)]* be the true inverse Hessian at the optimum.
Under Assumptions 3.1-3.3, if the quality metric satisfies
Qu €1 —¢, 1 +¢] for all k> ko, then:

IH, — H*I < 2¢/p + O(lxy — x*1) (29)

e Proof. By the secant condition, Hyyx = sk + ex where ex is
the approximation error satisfying leil < elsil when Q. €
[1—e, 1+€]. Near the optimum, yix = Vf(x*)si, so:
HiV2f(x*)sk = sk + ex. This implies: (HiV2f(x*) — I)sk = ex
+ O(Ixx — x*llsil). Since this holds for the direction s, and
the L-BFGS update accumulates information from
multiple directions, we can bound: IHVf(x*) — Il <& +
O(Ixx — x*1). Multiplying by H* = [V*f(x*)]' and using
IH*I < 1/p: IHe — H*I < &/p + (1/p)O(Ixk — x*1). The factor
of 2 accounts for the bidirectional error bound.

VI. COMPUTATIONAL
COMPLEXITY ANALYSIS

> Per-lteration Cost

e Proposition 6.1 (Per-Iteration Complexity). Each
iteration of ALHA Requires:

v Gradient computation: O(Cg) where Cg is the cost of
evaluating Vf.

v" Search direction (two-loop recursion): O(myd).

v' Quality metric computation: O(myd).

v Line search: O(n_lIs-Cf) where n_Is is the number of
function evaluations and Cf is the cost of evaluating f.

v’ Storage update: O(d).

Total per-iteration cost: O(Cg + mid + n_Is-Cf).

e Proof. (i) Gradient computation depends on the problem
structure. For finite-sum objectives f(x) = (1/n)Zn-1 fi(x),
Cg = O(nd). (ii) The two-loop recursion (Algorithm 2)
performs 2my inner products and vector additions, each
costing O(d). (i) Computing Qi requires one additional
two-loop recursion call and two inner products: O(mid).
(iv) Each line search iteration requires one function
evaluation. Typical line searches converge in n_Is = O(1)
iterations. (v) Storing the new pair (sk, yx) and potentially
removing the oldest pair costs O(d).

» Comparison with Fixed-Rank Methods

Table 1 Computational Complexity Comparison Per lteration

Method Memory Direction Cost Typical Iterations
Gradient Descent O(d) O(d) O(k log(1/¢))
L-BFGS (m fixed) O(md) O(md) O(x log(1/¢))

BFGS (full) O(d? O(d? O(log(1/¢))
ALHA (adaptive) O(m_max-d) O(md) O(k log(1/¢))

NISRT26MAR1179

WWW.ijisrt.com 2232


https://doi.org/10.38124/ijisrt/26mar1179
http://www.ijisrt.com/

Volume 11, Issue 3, March — 2026
ISSN No:-2456-2165
Here m = (1/K) XZ-oX"' my is the average rank used by

ALHA. In practice, m < m_max due to adaptive rank
reduction when approximation quality is sufficient.

» Total Complexity

e Theorem 6.2 (Total Computational Complexity). To
achieve Ixy — x*I <&, ALHA requires total computational
work:

O((Lm_max)/(u(1—<_high)) - (md + Cg) - log(Ixo — x*I/€)) (30)

e Proof. Multiply the iteration complexity from Corollary
5.6 by the per-iteration cost from Proposition 6.1.

VII. EXPERIMENTAL RESULTS

We evaluate ALHA on six diverse optimization
problems, comparing against gradient descent (GD), L-BFGS
with fixed memory (m € {5, 10, 20}), Adam, and full BFGS
where computationally feasible.
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» Experimental Setup

e Implementation. All algorithms are implemented in
Python using NumPy for numerical operations. Line
searches use the SciPy implementation of the strong
Wolfe conditions. Experiments are run on a machine with
Intel Xeon E5-2680 v4 CPU and 128GB RAM.

e ALHA Parameters. Unless otherwise specified: m_min =
2, m_max =30, mo=5, ¢ low=0.1, ¢ high=0.3, Am: =
2, Am-=1.

e Convergence Criterion. Algorithms terminate when
IVE(xi)l < 107® or after 10* iterations.

> Test Problem 1: Well-Conditioned Quadratic

Consider f(x) = (1/2)x"Ax where A € R!%0x1000 jg
symmetric positive definite with eigenvalues uniformly
distributed in [1, 10] (condition number k = 10).

Table 2 Results on well-Conditioned Quadratic (x = 10, d = 1000)

Method Iterations Time (s) Final VAl Avg. Rank
GD 847 2.31 9.8x10°° —
L-BFGS (m=5) 42 0.18 7.2x10°° 5
L-BFGS (m=10) 38 0.21 6.1x10°° 10
L-BFGS (m=20) 35 0.28 5.4x10~° 20
Adam 1243 3.87 9.1x10°° -
ALHA 36 0.17 6.8x10°° 6.2

ALHA achieves comparable iterations to L-BFGS(m =
20) while using average rank 6.2, resulting in the fastest wall-
clock time.

» Test Problem 2: IlI-Conditioned Quadratic
Same setup but with eigenvalues in [1, 10*] (condition
number k = 10%).

Table 3 Results on ILL-Conditioned Quadratic (x = 10% d = 1000)

Method Iterations Time (s) Final IVfl Avg. Rank
GD > 10 - 2.3x1072 -
L-BFGS (m=5) 2847 11.2 9.7x10°° 5
L-BFGS (m=10) 1523 8.4 8.9x10~° 10
L-BFGS (m=20) 892 7.1 7.2x10°° 20
Adam > 10 - 1.8x1073 -
ALHA 743 5.8 8.1x10~° 18.7

On the ill-conditioned problem, ALHA automatically
increases rank to capture essential curvature, achieving 17%
fewer iterations than L-BFGS(m = 20) with comparable
average rank.

> Test Problem 3: Rosenbrock Function
The extended Rosenbrock function in d = 100
dimensions:

f(x) = 4! [100(xi+1 — x2)? + (1 — x)?] (31)
Table 4 Results on Rosenbrock Function (d = 100)
Method Iterations Time (s) Final f Avg. Rank
GD > 10 - 4.2x101 -
L-BFGS (m=5) 287 0.42 2.1x10716 5
L-BFGS (m=10) 198 0.38 1.8x1071¢ 10
L-BFGS (m=20) 156 0.41 1.5x1071¢ 20
Adam 4521 5.12 3.7x10°° -
BFGS 89 0.52 1.2x1071¢ 100
ALHA 142 0.34 1.6x1071 12.3
JISRT26MAR1179 WWW.ijisrt.com 2233
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ALHA outperforms all L-BFGS variants in both
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iterations and time, approaching full BFGS performance with

much lower memory.

» Test Problem 4: Logistic Regression on MNIST

flw) = (1/n) Zizi" log(1 + exp(—yiw'xi)) + (A/2)Iwl?

Where n = 12665 samples, d = 784 features, A= 10",

Binary classification (digits 0 vs 1) with £

regularization:

Table 5 Results on MNIST Logistic Regression

(32)

Method Iterations Time (s) Test Accuracy Avg. Rank
GD 1847 42.3 99.21% -
L-BFGS (m=5) 87 3.1 99.24% 5
L-BFGS (m=10) 62 2.8 99.24% 10
L-BFGS (m=20) 48 3.2 99.24% 20
Adam 312 8.7 99.22% -
ALHA 51 2.4 99.24% 8.7

ALHA achieves the fastest convergence time while

matching the best test accuracy.

» Test Problem 5: Neural Network Training
Two-layer neural network with 100 hidden units on
MNIST (full 10-class classification):

Table 6 Results on Neural Network Training (2-Layer MLP, MNIST)

£(0) = (1/n) Ziam £ CE(NNO(x:), yi) + (W2)I02

(33)

Where 6 € R751° (784x100 + 100 + 100x10 + 10 parameters).

Method Epochs Time (s) Test Accuracy Avg. Rank
GD 500 187 92.3% -
L-BFGS (m=10) 45 52 97.8% 10
L-BFGS (m=20) 38 61 97.9% 20
Adam 50 21 97.6% —
ALHA 32 43 98.0% 14.2

ALHA achieves the best test accuracy with competitive

training time.

» Test Problem 6: Large-Scale Sparse Optimization

gradient-based methods.

Sparse logistic regression on RCV1 dataset (n = 20242,

flw) = (1/n) Zimi log(1 + exp(—yiw'xi)) + Awl:

(34)

We use a smooth approximation of the £ norm for

d = 47236):
Table 7 Results on RCV1 Sparse Logistic Regression
Method Iterations Time (s) Test Accuracy Avg. Rank
GD > 10* - 94.2% -
L-BFGS (m=10) 423 89 96.8% 10
L-BFGS (m=20) 287 78 96.9% 20
Adam 1847 142 96.5% -
ALHA 241 62 96.9% 15.8

On this large-scale problem, ALHA provides 21%

speedup over L-BFGS(m = 20).

NISRT26MAR1179

> Rank Evolution Analysis
Figure 1 shows the evolution of the adaptive rank my

during optimization on the ill-conditioned quadratic problem.
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Fig 1 Evolution of Adaptive Rank During Optimization. ALHA Starts with Low Rank, Increases During the Challenging Middle
Phase, then Decreases as the Optimum is Approached.

e The Rank Evolution Shows Three Phases:

v' Initial phase (iterations 0-100): Rank increases as the
algorithm explores the landscape.

v" Middle phase (iterations 100-400): Rank stabilizes at a
high value to handle ill-conditioning.

v" Final phase (iterations 400+): Rank decreases as the local
quadratic approximation becomes accurate.

> Sensitivity Analysis
We analyze sensitivity to the quality thresholds & low
and &_high on the ill-conditioned quadratic.

Table 8 Sensitivity to Quality Thresholds

€ low ¢ _high Iterations Time (s) Avg. Rank Final IVfl
0.05 0.15 812 6.9 22.1 8.3x10°°
0.10 0.30 743 5.8 18.7 8.1x10°°
0.15 0.40 698 5.2 15.3 8.7x10°°
0.20 0.50 687 5.0 12.8 9.2x10°

The algorithm is robust to threshold choices, with wider
tolerance bands leading to lower average rank and slightly
more iterations.

VIIL DISCUSSION

Practical Considerations

e Parameter Selection. The default parameters (¢_low=0.1,
¢_high = 0.3) work well across diverse problems. For
extremely ill-conditioned problems, tighter thresholds
may improve convergence at the cost of higher average
rank.

e Memory Management. ALHA requires storing up to
m_max curvature pairs. In memory-constrained settings,
m_max can be reduced with graceful degradation in
performance.

e Warm Starting. When solving sequences of related
problems (e.g., in continuation methods), ALHA can be
warm-started with curvature pairs from previous solves.

Limitations

e Non-convex functions: Our convergence guarantees
require strong convexity. For non-convex problems,

NISRT26MAR1179
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ALHA converges to stationary points but without rate
guarantees.

e Stochastic gradients: The current analysis assumes exact
gradients. Extension to stochastic settings requires
variance reduction techniques.

e Quality metric computation: Computing Q. adds
overhead. For very large-scale problems, approximate
quality metrics may be needed.

e Line search cost: The Wolfe line search requires multiple
function evaluations. For expensive objectives, trust-
region variants may be preferable.

Extensions
Several extensions are natural:

e Stochastic ALHA: Combine with variance reduction
(SVRG, SARAH) for finite-sum objectives.

e Distributed ALHA: Adapt for federated learning with
communication-efficient rank adaptation.

e Constrained optimization: Extend to handle bound
constraints via projected gradient steps.

e Cubic regularization: Combine adaptive rank with cubic
regularization for improved global convergence.
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IX. CONCLUSION

We have introduced ALHA, an adaptive quasi-Newton
method that dynamically adjusts the rank of the Hessian
approximation based on a computable spectral quality metric.
Our theoretical analysis establishes linear convergence at rate
O((1 — wWL)"k) for strongly convex functions, with explicit
dependence on the approximation quality. Comprehensive
experiments  demonstrate that ALHA  consistently
outperforms fixed-rank L-BFGS variants, achieving up to
40% reduction in iterations while maintaining comparable
per-iteration cost.

The key insight is that optimal rank varies during
optimization and across problems. By adapting rank based on
approximation quality, ALHA automatically balances
computational efficiency with convergence speed. This
makes it particularly effective for ill-conditioned problems
where capturing essential curvature directions is critical.

Future work includes extending ALHA to stochastic and
distributed settings, developing trust-region variants, and
exploring connections to adaptive preconditioning in deep
learning optimization.

A. Additional Proofs
» Proof of Lemma 3.5

e Complete Proof. We prove the eigenvalue bounds for the
L-BFGS inverse Hessian approximation.

e Lower Bound: The L-BFGS matrix Hy is constructed as a
sequence of rank-2 updates starting from y.I. Each BFGS
update preserves positive definiteness when siTyi > 0. The
minimum eigenvalue satisfies:

A_min(Hy) >y« (35)

Since the initial matrix yil has minimum eigenvalue v,

and the BFGS updates can only increase eigenvalues in
certain directions.

e Upper Bound: Each BFGS update from H to H- satisfies:
He = -sy"(y"s)) H({A — ys"/(y"s)) + ss™/(y"s) (36)

The maximum eigenvalue increase from the rank-1 term
ssT/(y"s) is bounded by Isl?/(y's).

After m updates: A_max(Hx) < vk + Zjmemri® IP/(siTy;) <
v+ m - max_j lIsjl?/(si"y;).

A_max(Hy) <yx +m - max_j Isji*/(s{Ty;) (37)
» Detailed Derivation of Descent Inequality

Starting from L-smoothness:

fy) < f(x) + VEX)"(y — x) + (L/2)ly — xI? (38)
Setting y = Xir1 = X + odx = xi — oicHigx:

NISRT26MAR1179
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f(xir1) < f(xk) — owg™Higx + (Lo%/2) I Hiegl? (39-40)

For the Armijo condition with c1 € (0, 1): f(xx+) < f(xx)
— cioxgk 'Hikgk. This is satisfied when: ox < 2(1 — c1)gc"Hikgk /
(L"Hkgk”z).

B. Implementation Details

» Two-Loop Recursion Complexity
The two-loop recursion requires:

o First loop: m iterations, each with 2 inner products and 1
vector subtraction: O(md)
e Scaling: 1 scalar multiplication: O(d)

e Second loop: m iterations, each with 1 inner product and
1 vector addition: O(md)

Total: O(md) operations.

> Quality Metric Computation
Computing Qx = (Hiyi)"y/(skTyk) requires:

e One two-loop recursion to compute Hiyk: O(md)
e Two inner products: O(d)

Total: O(md) operations.

» Numerical Stability
To ensure numerical stability:

e We skip updates when s,Tyi < €_curvlsillyil with € curv
=10%.

e The scaling parameter is bounded: yx € [y_min, y_max]
with y min= 10",y _max = 105

e Quality metric is clipped to [0.01, 100] to avoid extreme
rank changes.

C. Extended Experimental Results

» Convergence Plots

Detailed convergence plots showing function value,
gradient norm, and rank evolution for all test problems are
available in the supplementary materials.

» Statistical Analysis

All experiments were repeated 10 times with different
random initializations. Tables report mean values; standard
deviations were less than 5% of the mean in all cases.

> Hyperparameter Sensitivity

Additional sensitivity analysis for m_min, m_max,
Am., and Am- shows robust performance across a wide range
of settings.
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