Volume 11, Issue 9, September— 2026
ISSN No:-2456-2165

Integral Reformulation and Direct Power-Series
Collocation for Multi-Term Caputo
Equations with Variable Coefficients

International Journal of Innovative Science and Research Technology
https://doi.org/10.38124/ijisrt/26sep430

John Chuseh Ahmadu'™; Ayinde Muhammed Abdullahi?;
Onyeozili ljeoma Abigail*

!Department of Mathematics, University of Abuja, Abuja, Nigeria
Corresponding Author: John Chuseh Ahmadu®”

Publication Date: 2026/09/22

Abstract: This article develops a direct power-series collocation method for smooth multi-term Caputo initial-value
problems with variable coefficients. The contribution is a basis-level fractionalintegral construction that converts the
differential model into an augmented algebraic system without first deriving a problem-specific operational matrix.
Application of the Riemann—Liouville integral exposes the classical initial data, while gamma- and beta-function identities
provide closed expressions for the action of the transformed operator on monomials. Sufficient conditions are established
for equivalence of the differential and integral formulations, uniqueness through a contraction argument, conditional
convergence of the collocation approximation, and residualbased a posteriori control. The resulting algorithm is
implemented symbolically in MAPLE. Two numerical tests are examined. A variable-coefficient cubic benchmark is
reproduced with maximum grid errors of 1.93 x 107'® and 2.38 x 107!° at degrees three and four, respectively. In a second
multi-order test, the maximum grid error decreases from 2.46 x 10~ at degree three to 4.03 x 107° at degree seven. Evaluation
of the rounded degree-ten coefficient vector gives 8.91 x 1073, identifying coefficient sensitivity in the global monomial basis.
The method is therefore most attractive at low and moderate degree, where its transparent derivation and reproducibility
outweigh the conditioning disadvantages of monomials.
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I INTRODUCTION Legendre, Jacobi, Chebyshev, wavelet, or reproducing-kernel
representations. Recent studies report high-order collocation

Fractional differential equations encode hereditary and
nonlocal response through operators whose present value
depends on the preceding state history. The Caputo derivative
is particularly convenient for initial-value problems because
its data are expressed through integer-order derivatives with
familiar physical interpretations [1, 2]. Multi-term equations
are more demanding than single-order models: different
fractional orders interact with variable coefficients, and the
transformed equation contains nested weakly singular
integrals.

Polynomial projection remains a major strategy for
these problems. Taylor expansion provides a direct
approximation but can be sensitive to truncation and
derivative availability [3]. Operationalmatrix methods
replace fractional operators by matrices associated with a
chosen basis, while modern spectral schemes use shifted
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for fractional integro-differential equations [4], multi-step 4P
schemes for weakly singular Volterra kernels [5], nonlinear
multi-term spectral collocation with variable coefficients [6],
Legendre treatment of nonlinear Fredholm models [7],
shifted-Chebyshev schemes [8], and Chebyshev-based
reproducing kernels for nonlocal conditions [9]. Shifted
fractional-order Chelyshkov functions have also been
combined with Riemann-Liouville integration matrices for
delayed equations [10]. These advances offer excellent
approximation properties, but the specialised basis
construction can obscure the algebraic path from the original
equation to the computed coefficients.

The present article develops one focused contribution:
a direct fractional integral collocation construction in a
monomial basis. Every matrix entry is obtained from the
transformed equation itself, and power-law data are evaluated
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through gamma-function formulas. The approach is intended
for smooth solutions at low or moderate polynomial degree;
it is not proposed as a replacement for graded or /P methods
when endpoint singularities dominate.

The article makes four specific contributions. First, it
gives an explicit equivalence derivation that retains the initial
data. Second, it constructs the augmented collocation system
directly, without a separately tabulated fractional operational
matrix. Third, it relates uniqueness, projection error, and
residual error through a common contraction framework.
Fourth, it regenerates all numerical values from the reported
coefficient vectors, separating polynomial reproduction from
genuine degree refinement and exposing the effect of
coefficient rounding.

1. RELATED LITERATURE

Well-posedness is a prerequisite for meaningful
discretisation. For Caputo—Volterra equations, fixed-point
theory in weighted spaces has been used to establish local and
global mild solutions under Lipschitz assumptions [11]. The
Banach contraction principle remains especially useful
because the contraction constant also supplies an error-
amplification factor [12].

Numerically, the literature can be divided into direct
polynomial expansions, operational matrices, spectral
collocation, and kernel-based methods. Bernstein operational
matrices have been used for multi-term equations [13], and
perturbed collocation has been applied to singular multi-order
models [14]. Recent spectral work emphasises orthogonal
bases and carefully selected nodes: shifted Legendre
collocation gives high precision for smooth problems [4];
multi-step Legendre— Gauss approximation resolves weak
singularities [5]; and nonlinear multi-term equations have
been treated by spectral collocation with rigorous error
analysis [6]. Related developments use Legendre—Gauss—
Lobatto, shifted Chebyshev, reproducing-kernel, and
fractional-order Chelyshkov constructions [10, 8, 9, 7].

The gap addressed here is therefore not the absence of
polynomial methods. It is the need for a compact construction
whose fractional action is auditable term by term and whose
low-degree implementation can be reproduced in a computer
algebra system. The trade-off is explicit: monomials simplify
derivation but become ill-conditioned at high degree. This
article treats conditioning as part of the numerical conclusion
rather than concealing it behind overlapping solution curves.

1. MATHEMATICAL FORMULATION
AND PRELIMINARIES

Consider

Cpp,y(x) = Z g; (X)°D y(x) +h(x), 0<x<1,
J=0 @)
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With initial conditions

() — _ _
y®)=nk, k=01,..,m—1, ?

The coefficient 4/ and forcing h are known.

ForY = 0, the Riemann-Liouville fraction integral is:

1 r* .
RIORS f (x — 71 f (D)t .

Forn —1 <y <N the Caputo derivative is:

DY, f(x) = F(%_w jo " — o F () at

(4)
The fundamental composition identity is:
n-1
f19(0)
iDL () = F) = ) Tt
k=0 ' 5)
Lemma 1 (Monomial action). If * = ™ then
CD;U'xn — F(n + 1) n-aj,.
Mo+ - ’
(m—aj+1) (©)
The derivative is zero for 0 < 0 <M,

Proof

Insert the Y th derivative x™ into the Caputo
definition. The remaining integral is a beta integral, and

cancellation of F(mj - aj) gives equation (6).

Lemma 2 (Transformed power contribution). If (x) =
x9j, then:

ol (x7iCDg) ) = [+ MO ZG+G+D aegropen
fn-—a+l(n-aj+o;+p+1) (7

Proof
Combine equation (6) with

fox(x —5)a1gb-1ggs = xatb-1 B (g b)

)]
And use

(a, b) = T(@)[(h)[(a + b).
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V. DIRECT POWER-SERIES
COLLOCATION METHOD

7
Applying o+l to Equation (1) gives:

r 1 x )
y(x) = W(x) +;m£ (x = 5)F1q;(s)
X fox(x — s)™i~%~1 y(Mp (t)dtds ©)
Where

1
_ 1
F ( ). (x s)*1h(s)ds, W

Theorem 3 (Equivalance). Under the regularity required
by the Caputo derivatives, equations (1) and (2) and equation
(9) are equivalent.

Proof

Equation (9) follows by applying the fractional integral
to equation (1), using equation (5), inserting the Caputo
definition for each lower-order term, and substituting
equation (2). Conversely, applying ©P¢#. to equation (9)
recovers equation (1); the initial polynomial in W restores
equation (2).

Let

N
yN(x) = Z a,x
n=0

=[1,x,..,x

"= ¢py(x)a, Py (x)

M. (12)

After substituting into equation (9), defines:

40 - [e- w1060

I'(u )F(m —a:)
xJS( t)mi-%i—1 " oy (t)dtd

s — - — s
o dg™i N 12)

The collocation row is:

V(xpa=W(x;)
(13)

V() = du(r) - ) 1y (x),
j=0
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The initial rows are:

dk
Uy = ﬁ‘ﬁw(x): Ura
= k- (14)

For e = N +1 —m yse the equally spaced points
=1i/N,i=1,...,n¢ and stack the equations:

V(x1) Wi(x1)
V()| @ = | W (o)
Uto 7?_0
L Uy L Nm-1 A (15)

Power-law entries follow immediately from equation
(7); general smooth data can be integrated symbolically or by
controlled quadrature.

» Algorithm 1 Direct Fractional-Integral Power-Series
Collocation

e Require: Orders .x; Coefficients ; Forcing #; Initial Data;
Degree 1.

\

Apply o+x* and form x (x).

setyn(x) = XN_,a,x™

Evaluate each transformed basis contribution using

equation (7) or quadrature.

v' Assemble x + 1 — x collocation rows and x initial-
condition rows.

v" Solve equation (14) with a linear solver; do not form the
inverse explicitly.

v" Reconstruct x» and evaluate errors and off-grid residuals.

AN

V. THEORETICAL ANALYSIS
Let B be a nonempty admissible class that is complete
in the uniform metric, invariant under the right-hand side T
of equation (9), and such that:
lutm) — pmdleo,  u, v € B. (16)

Assume lgjlo, < Q.

Theorem 4 (sufficient uniqueness condition). If

]L}
:ZF(u+m-—a-+1) <1
j=0 7 7)

Then equation (8) has a unique solution in B.

Proof. For x, x € x, subtract xx and xx, apply equation
(16), and evaluate the nested beta integrals. Since 0 <x <1,

WWW.ijisrt.com 739


https://doi.org/10.38124/ijisrt/26sep430
http://www.ijisrt.com/

Volume 11, Issue 9, September— 2026
ISSN No0:-2456-2165
T
Q
Tu=Tvljeo < ) m—————=lu—vlle=Klu-vls
j=0

L
l"(,u +m;—a;+ 1) (18)

Thus T is a contraction on the complete invariant set B,

and Banach’s theorem gives a unique fixed point (Zhou,
2014).

Let xx denote interpolation at the chosen nodes and let
the discrete solution satisfy

Xx = XxX Xx
Proposition 5 (Conditional collocation error). If PaT

has Lipschitz constant kv < 1 on a common invariant set,
then:

(I = Py)TYll
1—-Ky (19)

ly —=yN|l <

Proof Using x = x x and xx = ly —yNl<ITy — PnTyl
+ IPNTy — PNTynle < I(I — PN)Tylotxnly — y Nl

Rearrangement yield equation:

Proposition 6 (Residual-based a posteriori control). If T
has contraction constant k < 1 and z

€ B, then

|z =Tzl

ly =zl <

y * 1-k (20)

Proof. Since y = Ty, ly =zl <ITy — Tzlw+ ITZ — Zl...
Apply the contraction estimate and rearrange.

Remark 7. The factor x. includes interpolation stability
and is not automatically equal to x. Moreover, monomial
coefficient recovery can become ill-conditioned even when
the polynomial approximation space remains adequate. The
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numerical results below therefore report errors regenerated
from the printed coefficients rather than infer convergence
from degree alone.

VI. NUMERICAL RESULTS AND DISCUSSION

All values were regenerated from the coefficient vectors
produced by the MAPLE computations and checked against
the stated exact solutions. Calculations used 30-digit working
precision before coefficients were printed.

> Variable-Coefficient Polynomial-Reproduction Test

Consider

4

“Dg, y(x) = =5 "Dy () + 5 y(6) + f ()

y

(21)

With y (0) Y0 =0k=-1a= S.and p = 12the forcing is.

[ (T@G—p) +kT(4—a) x?
A [6"( [(4— )l —p) +?)

([‘(3 —B) +kI'(3 —a) xz)l ~
-2 — || x*@

The exact solution is y = x® — x2. this benchmark is
retained from the thesis and is related to perturbed collocation
tests for multi-order equations (Uwaheren et al., 2020). The
computed polynomials are:

Polynomials are:
x3(x) = 2.5324187192 x 10— + 6.5978333907 x 10—'%x —
1.0000000002x2 + x°, (23)
x4(x) = 1.3655743203 x 10— — 2.5464075293 x 10—"2x —
0.9999999993x2

+0.9999999984x° + 6.6444272306 x 10—0x*, (24)

Table 1 Regenerated Values and Absolute Errors for the Variable-Coefficient Test

x Exact V3 E3 y4 E4

0.2 -0.032000000000 -0.032000000006 6.43 x 10 2 -0.031999999984 1.58x 10!
0.4 -0.096000000000 -0.096000000029 2.91x 10! -0.095999999974 2.56 x 107!
0.6 -0.144000000000 -0.144000000068 6.78 x 107! -0.144000000009 9.00 x 10"
0.8 -0.128000000000 -0.128000000122 1.22x 10710 -0.128000000101 1.01x 10710
1.0 0.000000000000 -1.93 x 10710 1.93x 10710 —2.38 x 10710 2.38x10°1°
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Fig 1 Pointwise Absolute Errors for the Variable-Coefficient Test.

The exact cubic belongs to the degree-three trial space,
so this experiment primarily tests algebraic consistency rather
than asymptotic convergence. Both approximations
reproduce the solution to roughly ten decimal places on the
grid. The degree-four result is not uniformly better because it
introduces an unnecessary coefficient and an additional
conditioning channel.  Accordingly, the appropriate
conclusion is exact-space reproduction at modest degree, not
a claimed universal convergence rate.

» Degree Refinement and Coefficient Sensitivity
Consider the benchmark associated with Bernstein
operational-matrix testing (Rostamy et al., 2013):

1/2

Y (x) = x“D;{j(x) + x1/26D0+ y (%) +x3y(x) + f(x) (25)

Where (0) = x'(0) =0 and

16 1(

f(x) = 6\mx — 8x7/2 — ?xB —rx3

(26)

The exact solution is (X) = Vs The regenerated
errors for x = 3, 5, 7, 10 are shown in table 2.

Table 2 Absolute Errors Under Polynomial-Degree Refinement

X E- Es E7 Eio
0.1 722380 107> 144791 x 107°% 147124 % 107% 126064 < 107°
0.3 0976986 < 107> 1.12047 % 1072 1.11360 % 107> 945111 x 107¢
0.5 3.56687 % 10™% 267238 % 107> 2.49883 % 107> 220359 x 107
0.7 1.07076 %X 1073 448625 % 107> 3.69507 % 10> 4.05719 x 107
09 246146 % 1073 632204 x 107> 4.02933 % 1077 891207 x 1072
Ene 246146 % 1073 632204 % 107> 4.02033 % 1072 891207 x 107

The maximum grid error decreases by a factor of
approximately 38.9 between x = 3 and x = 5, and by a further
factor of 1.57 between x =5 and x = 7. The rounded x = 10
coefficient vector produces a maximum error about 2.21
times that at x = 7. This does not negate the approximation
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result in equation (18); it shows that coefficient recovery and
coefficient reporting are distinct from approximation-space
accuracy. A shifted orthogonal basis, QR-based solve, or
retention of more coefficient digits would be preferable
beyond moderate degree.
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Taken together, the examples demonstrate two different
properties. The first confirms that the transformed fractional
terms and initial rows reproduce a solution already contained
in the trial space. The second supplies genuine degree-
refinement evidence and identifies the onset of monomial
sensitivity. Presenting both prevents near-machine-precision
polynomial recovery from being misinterpreted as a general
spectral-rate result.

VII. CONCLUSION

A direct power-series collocation method has been
formulated for smooth multi-term Caputo initial-value
problems with variable coefficients. The method begins with
an equivalent fractionalintegral equation, acts directly on
monomial basis functions, and produces an augmented
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algebraic system containing both collocation and initial-
condition rows. Theoretical results give sufficient conditions
for uniqueness, conditional convergence, and residual-based
error control. The numerical evidence supports a qualified
conclusion. At low degree, the method is transparent,
accurate, and straightforward to reproduce in MAPLE. Exact-
space polynomial tests are recovered to approximately 107°
on the reported grid. Degree refinement in the second test
reduces the maximum error by nearly two orders of
magnitude before rounded high-degree coefficients reveal the
conditioning limitations of the monomial basis. Future work
should retain the integral construction while replacing
monomials with shifted orthogonal or piecewise bases,
adopting stable factorizations, and reporting condition
numbers and off-grid residuals as can be seen in the figure
below.

T T T T T
1073 |- 5
= L |
5 1074  e— —a
o B 1
= i |
(=]
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-
1075 | ]
= —— N = ? .|
10_6 b | l | 1 | ]
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
X
Fig 2 Error Behaviour Under Polynomial-Degree Refinement.
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