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l. INTRODUCTION

Let o, £, Co be the set of all sequences of complex
numbers, the linear spaces of bounded, convergent and null
sequences X = (xx) with complex terms, respectively, normed
by

[[X||co =where KEN=1,2,3.....
The idea of difference sequence spaces was introduced by H.

Kizmaz [10]. In 1981, Kizmaz defined the sequence spaces as
follows;

lo(A)={x=(x) € p: (AXK)E 4},
c(A)={x=(x)€w: (AXK)ec}
Co(A)={x=(x)€o: (AXK)E Co},

Where
Ay = (Xk—Xks1)  and A())( = (XK,

There are Banach spaces with the norm
[ 1la = al + [ Ax oo
Later Colak and Et [2] defined the sequence spaces:

(oAM= x=(x)€ 0 (A" x)e (o}

c(An ) ={x = (X«) € o( A" Xi) € ¢},
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Co(AM) ={x= (e w: (A" x)e Cg},
Where

neN, Ay = ), Ax = (X — xer), AMx = (AMx) = (
A" - A )y

n n n
A'xe= 2 (D" | Xusw,

And so that these are Banach space with the norm

n n
IXTa=Z il + [[A™X |l -

The idea of modulus was defined by Nakano [15] in 1953. A
function
f: [0, ©)—[0,00) is called a modulus if

(i) f(t) =0 ifand only if t =0,

(i) f(t+u) < f(t)+f(u), for all t,u=0,
(iii) fis increasing and

(iv) fis continuous from the right at 0.

Let X be a sequence spaces. Then the sequence spaces X(f) is
defined as
X() = {x=(xq : (f(Ix«D) € X}

For a modulus f. Maddox and Ruckle [14,16]

Kolak [11, 12] gave an extension of X(f) by considering a
sequence of moduli F = (fi) that is

X(F) = {x = (x) - (fu(xu)) € X}
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After then Gaur and Mursaleen [9] defined the following
sequence spaces

lo(F A)={x=(Ax)€E (P}
Co(F, A)={x=(x):(Ax)e Co(F)},

For a sequence of moduli F = (fi).

We defined the following sequence spaces :
2 n._y,, _ AN 2
Lo (F Am) ={x= (X)) : (Apmxi) € £ (P},

B (F. AT )= {x= (xip) : (A xi)) € €5 (F)},

n m n n n
A m Xij = IS (-1)wv Xi+mu, k+mv
u=0v=0 uj\v

for a sequence of moduli F = (fij) we will give the necessary
and sufficient conditions for the inclusion relations between

Where

X( Ar;n) and sufficient conditions for the inclusion relations

between X(Ar:n) and Y(F,Arr'n), where X,Y :530 or C%.

Sequences of moduli have been studied by C.A. Bektas and R.
Colak [1] and many other authors.

The notion of statical convergence was introduced by H. Fast
[6]. Later on it was studied by J.A. Fridy [7,8] from the
sequence space point view and linked with the summability
theory.

The notion of I-convergence is a generalization of the statical
convergence. It was studied at initial stage by Kostyrko, Salat
and Wilezynski [13]. Later on it was studied by Salat [19],
Salat, Tripathy and Ziman [20], Demric [3].

Let N be a non empty set. Then a family of sets | < 2V (power
set of N) is said to be an ideal if | is additive i.e. (AB)el=
(AUB) €1 and ie. Acl, BCA=Bel. A non empty
family of sets £(1) < 2N is said to be filter on N if and only if
® ¢ £(1) for A, B € £(1) we have (A[1B) e £(1) and each A
€ £(1) and A < B implies B e £(I).

An ideal 1 < 2N is called non trivial it I =2N. A non trivial
I =2V is called admissible if {(x) : x € N} < I. A non trivial
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ideal is maximal ideal is maximal it there cannot exist
any non-trivial ideal J = I containing | as a subset. For each
ideal I, there exist a filter £(1) corresponding to I, i.e. £() =

{KcN: K 1}, where K& =N-K.

Definition 1.1: A sequence (X;j) € o is said to be I-convergent
toanumber L if foreverye>0.{ij e N:|xij—L|>¢} el.In
this case we write | —  lim  x;; = L.
i+j—oow
Definition 1.2: A sequence (X;) € o is said to be I-null if L =
0. In this case we write | - lim  x; = 0.
i+j—>o0

Definition 1.3: A sequence (Xj) € o is said to be I-cauchy if
for every ¢ > 0, there exist a number m = m(g) such that {i,j
N : |Xij — Xmn| > €} € I.

Definition 1.4: A sequence (X;) € o is said to be I-bounded if
there exist M >0 such that {K e N : |xjj| > M}.

We need the following Lemmas.

Lemma 1.5 : The condition supjj fij(t) < «, t > 0 hold if and
only if there is a point to > 0 such that supij; fij(to) < oo (see [1,

a).

Lemma 1.6: The condition inf; f;(t) > 0 hold if and only if
there exist is a point to > 0 such that infj; fij(to) > 0 (see [1, 9]).

Lemma 1.7: Let K € £(I) and M= N. If M= |, the M [ K
# | (see [20]).

Lemmal1l8: Iflc2Nand M N. If M= I then M [] K = |
(see [13]).

1. MAIN RESULT

In this article we introduce the following classes of sequence
cpaces.

ZCB (F, A?n) ={(xij)) eo: - Ii_m
i+j—

fij(| A xi)= 0} 1,
o0
Zf!,O (F, A?n) ={(xij) € o : | —supi; fij(| Ar;n Xij) <o} e I.

Theorem 2.1: For a sequence F = fj; of moduli, the following
statements are equivalent :
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@2¢ Aty 2oL E AN,
(b) 2ch(Ah) < 2edF AL,
(C) Supij fij(t) <o, (t>0).

Proof: (a) Implies (b) is obvious.

(b) implies (c). Let 2cb(A) < 2ch(F. A"). Suppose
that (c) is not true. Then by Lemma (1.5)

sup fij(t) = «, forall t > 0,
ij

And therefore there is a sequence (ki) of positive integers such
that

fi: 1 >i, foreachi=1,2,3..... @)
FUi

Define x = (xi;) as follows

if i, j=k i=123 ...

xj= 41

0 otherewise .

Then x e 2¢ (AT ) but by (1), x ¢ ¢! (F. A% which
contradicts (b). Hence (c) must hold, (c) implies (a). Let (c) be

satisfied and x € ZELO (F, A?n). If we suppose that x ¢ 26!,0

(F, A';n) then
sup fij(| A xij) = o for x € 20!,
i

If we take t = | A?n X| then sup fi;(t) = e which contradicts (c).
i,j

Hence ZELO(A?n)g ZKLO(F, A?n).

Theorem 2.2: For a sequence F = fj; is a sequence of moduli,
the following statements are equivalent :

@ 2chF ANy < Zehah),
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() 2chE Ay 2o (Al
(©) Infijfij(t) >0, (t>0).

Proof: (a) implies (b) is obvious.
- 2.1 n 2l n
(b) implies (c). Let “Co(F, Ap) < Lo (Ay). Suppose
that (c) is not true. Then by Lemma (1.6)
Infi; fij(t) =0, (t>0)

And therefore there is a sequence (ki) of positive integers such
that

1
fki (i?) < T foreach1=1,2,3..... (2

Define x = (xi;) as follows

P k=K =123
" lo  otherwise

By @ x e 2¢h(F. AM) but x ¢ £ (A") which
contradicts (b). Hence (c) must hold. (c) implies (a). Let (c) be
satisfied and x e 206 (F, Ar;n)that is

- lim £ ARy xi) =0
I+ ]—>0
Suppose that x ¢[ ZCB(A?“). Then for some number g > 0
and positive integer ko we have |ATT1 Xijl < co for ki,j > ko.
Therefore fij(co) > fii(| Ar,]n xijl) for 1,j > ko and hence  lim
i+jow
fij(co) > 0,

Which contradicts our assumption that x ¢ 206 (A?n)-
Thus 2ch (F, AT ) < 2ed (A ).
. : L2l n 2.1 .40
Theorem 2.3: The inclusion =/ (F, Ay) < “Co(Am)
holds in and only if
lim  fijt)=cofort>0 ......... 3)
i+ j—o0

Proof: Let ZELO(F, A'}n)g \zcb(Ar:n)
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such that  lim  fij(t) = oo for t > 0 does not hold. Then there
i+j—>o

is a number t,>0 and a sequence (ki) of positive integer such

that

fiy @ sM<eo L (4)

Define the sequence x = (xjj) by

[tg, i j=Kii=123..;
" 10 otherwise

Thus x e 20), (F, A7) by (4).

But x ¢ ZCB (Ar;n ), so that (3) must hold.

if e F A e chaM).

Conversely, let (3) hold. Ifx < 2¢! (F, AL),

then  fij(| A?n Xii) €M < oo, forij =1, 2,3 ..... Suppose that
X e C(I)(An).

Then for some number c¢o > 0 and positive integer ko we have |

A" xil < co for ij > ko.

Therefore fij(co) > fi,,-(IAn Xij) £ M for ij >ko, which
contradicts (3).

Hence x 205 (A?n).

Theorem 2.4: The inclusion ZELO(ATn) c 2C6(F, Arr'n)
holds if and only if

lim fi)=0, fort>0  ....... (5)
i+ j—oo

Proof: Suppose that ZKLO(ATn) c ZCE)(F, Arr]n) but (5)

does not hold
Then

lim  fj(to)) =i=0, forsometo>0 .......... (6)
i+j—)oo

Define the sequence x = (x;;) by

IJISRT17SP28
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Xj=to X X (—1)u+v
u=0v=0

i—n i-n n—i—-v—-i n—-i—-u-1
i—v j—Vv

forij=1,23.... Thenx ¢ 2cl(F, AT\) by (6). Hence (5)
must hold, conversely, let x e ZELO(ATn) and suppose that
(5) holds.

Then | A xjl<M<oo for K=1,2,3, .....

There for fy(| AT, xy)<fy(M) for ij=1,2,3 ..... and

lim £ AN xi) < lim ;M) =0 by (5).
i+jow i+j—>ow

Hence xe ZCB (F, A?n).
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