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Abstract:- In this article, we introduce definition of a fractional triple Laplace transform of order a, 0 <a <1, for fractional
differentiable functions. Some main properties and inversion theorem of fractional triple Laplace transform are established.
Further, the connection between fractional triple Laplace and fractional triple Sumudu transforms are presented.
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I INTRODUCTION

There are various integral transforms in the literature which are used in astronomy, physics and also in engineering. The
integral transforms were vastly applied to obtain the solution of differential equations, therefore there are different kinds of integral
transforms like Mellin, Laplace, Fourier, and so on. Partial differential equations are considered one of the most significant topics in
mathematics and others. There are no general methods for solve these equations. However, integral transform method is one of the
most familiar method in order to get the solution of partial differential equations [1,2]. In [3,4] triple Laplace transform was used to
solve third order partial differential equations. Moreover the relation between them and their applications to differential equations
have been determined and studied by [5,6]. In this study we focus on triple Laplace transforms. First of all, we start to recall the
definition of triple Laplace transform as follows

1. DEFINITION

Definition 1 := Let f be a continuous function of three variables; then, the triple Laplace transform of f(x,y,t) is defined by

Leyilf(z,y,t)] = F(p,s, k) = / / /n-”‘ e P e Ve  f(z, y, t)dx dy dt.

€y
where, X,y,t >0 and p,s,k are Laplace variables, and
1 sy 100 1 s 34100 1 utioo
fle,y, t) = — / e’ | — / e , / eME(p, s, k)dk| ds| dp
2mi Ja—ioo 27 J B—ico 27 J p—ico (2)

is the inverse Laplase transform.
1. FRACTIONAL DERIVATIVE VIA FRACTIONAL DIFFERENCE

Definition:= Let g(t) be a continuous function and not necessarily differentiable function, then the forward operator FW(h)
is defined as follows

FW(h)g®:=g(t+h)
where h > 0 denote a constant discretization span.

Moreover, the fractional difference of g(t) is known as

A%g(t) = (FW — h)%g(t) = Z(—])”‘{'“C”,)g[f + (o — m)h] where 0 < a < 1.

m=I(

and the o-derivative of g(t) is known as

. A%g(t)
9 ) = iy =50
See the details in [9,10].
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V. MODIFIED FRACTIONAL RIEMANN-LIOUVILLE DERIVATIVE

The author in [10] proposed an alternative definition of the Riemann-Liouville fractional derivative
Definition:= Let g(t) be a continuous function, but not necessarily differentiable, then

. Let us presume that g(t)=K, where K is a constant, thus a- derivative of the function g(t) is
DK = KT Y1l —a)t ™=, a=<0
= 0, otherwise.

. On the other hand, when <= {#) == ¥ hence

g9 (1)=9(0)+(g () -9(0),
and fractional derivative of the function g(t) will be known as
a a a
D"g(t)=D; 9(0)+D; (9()-9(0)),
at any negative o,( a < 0) one has

fa'l . l v e 1 ,
Dy (9(t) — 9(0) = Fr—my / (t — Ty ="lg(m)dn, o <O,

while for positive a, we will put

D?(g(t)-g(O)): Dtag(t): Dt(g(a-l)).
When m < a < m+1, we place

g*(t) = (g ™™, m<a<m+1, m> 1.

V.  INTEGRAL WITH RESPECT TO (dt)2
The next lemma show the solution of fractional differential equation
dy = g(t)(dt)*, t = 0, y(0) = 0, @)
by integration with respect to (dt)a.

Lemma 5.1 If g(t) is a continuous function, so the solution of (3) is defined as the following

y(t) — / g () (dn)™, (0) = 0
A @

t
= / (t — ) lg(n)dn, 0 < a < 1,
0

for more results and various views on fractional calculus,see for example [8,9,10,11].

VI. FRACTIONAL TRIPLE SUMUDU TRANSFORM

We defined Triple Sumudu transform of the function depended on three variables . Analogously, fractional triple Sumudu
transform was defined and some properties were given as the following.

Definition:= The fractional triple Sumudu transform of function f(x,y,t) is known as

T

Saf(x,y,t) = Gi(u,v,w) = / / / )OHn(—(:r-‘+y+f)”)f(mn vy, tw)(dz)* (dy)* (dt)*,
o JO

a—(lﬂj - =0 T(oem+1)

where u,v,w € C, x,y,t>0 and is the Mittag-Leffler function.
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VII. TRIPLE LAPLACE-SUMUDU DUALITY OF FRACTIONAL ORDER

Definition:= Let f(x,y,t) denote a function which vanishes for negative values of t.Its triple Laplace’s transform of order o (or its a th
fractional Laplace’s transform) is define by the following expression:

L.f(z,y,t) = F,(u,v,w) = j / /GC E,(—(ur+vy+wt)™) f(x, y, £)(dz)*(dy) ™ (dt)>

M
= / f Eo(—(uz + vy + wt)®) f(x, y, £)(dx) (dy)* (dt).
<0

M—oc . (5)
provided that integral exists.
Theorem 7.1 If the Laplace transform of fractional order of a function f(x,y,t) is La[f(x,y,t)]:Fa(u,v,W) and the
Sumudo transform of this function is
Sy DI=G, (uv.w),
then
1 111
Catt= =y (§ g 0<aet ©)
Proof. By the definition of fractional triple Sumudu transformation,
M
Golu,v,w) = S,[f(z.y,t)] = hm /// o= (x +y+ 1)) f(ux, vy, wt)(dz)™ (dy)* (dt)* @
7
= 1}1111 o / / / M = y)* (M = 1) Ey(—(x + y + 1)) f (uz, vy, wt)dz dy dt.
o ®)
By using the changes of variable ux ¢ —> &', vy — y', wit — i’
Mu pMv pMw "l / AN
o lim / / / (Mu—=2")*"Y(Mo—/)*" Y (Mw—t")*"'E, (— (L + y - f_) )
OO Moo o Joo o uovoow
< f(x', y' . t")dx" dy’ dt’
.J 'I)r “ d S ’ / YA oy Iy oex
= E,| - + — —l— — fl' y ) (da")* (dy' )™ (dt)
urp” u” w
9)
IS S (1, 11
urvrw uw v w
VIIl.  SOME PROPERTIES OF FRACTIONAL TRIPLE SUMUDU TRANSFORM
we recall some properties of fractional triple Sumudu transform
Saf(ax,by,ct):Ga(au,bv,cw),
8 f(x-ay-b,t-C)=E (-(a+b+c)?)G, (au,bv,cw),
(10)

Gol(u,v,w) —T(1+ ) f(0,z,y)

u f'l‘.t!l"t

S, flax, by, ct) =

where %" is denoted to fractional partial derivative of order a.
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IX. MAIN RESULT
The main results in this work are present in the following section,

X. TRIPLE LAPLACE TRANSFORM OF FRACTIONAL ORDER

Llfe0] = Fulpos) = [ [ [ Bu(-Garsyt b)) (ot e )y

(11)
where s,p,k € C and Ea(x) is Mittag- Leffler function.
Corollary 10.1 By using the Mittag-Leffler property then we can rewrite the formula (11) as the following:
LMW%N=hm&M=//[ Eal~ (7)) Ea(~(59)®) Eal - (k1)°) (2, ,£)(d2)* (dy)* (dt)° )
J Jo

Remark 10.2 In particular case, fractional triple Laplace transform (11) turns to triple Laplace transform (1) when o=1.

XI. SOME PROPERTIES OF FRACTIONAL TRIPLE LAPLACE TRANSFORM

In this section, various properties of fractional triple Laplace transform are discussed and proved such as linearity property,
change of scale property and so on.

1. Linearity Property:

Let fl(x,y,t) and f2(x,y,t) be functions of the variables x,y and t, then
where a, and a, are constant.

Proof. We can simply get the proof by applying the definition (11).

2. Changing of Scale Property:
- __1 psk
If La[f(x,y,t)]—Fa(p,s,k) hence La[f(ax,by,ct)]— aabacaFa( 2 b c

Wherever a,b and c are constants.
Proof.

L,[f(az,by,ct)] = / / /D-x E. (—(px+sy+kt)®*) flax, by, ct)(dx)*(dy)™(dt)".

(14)
We set u = ax, v = by and w = ct in the equality (14),therefore we obtain
L, [f(ax, by, ct)] = e:r“b]“c“ / / ‘/“lx L, (— (I;l + % + ?)“) Sflu, v, w)(du)®(do)™ (dw)® (15)
-t p sk
b e Fa (u b7 (‘) (16)
3. Shifting Property:
Let La[f(x,t)]:Fa(p,s,k) then La[Ea(—(ax+by+ct)a)f(x,y,t)]:Fa(p+a,s+b,k+c)
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Proof. Lo|Es(—(ac + by + ct)*)f(z,y.t)] = [ [ [ Ea(—(az + by +
ct)®) Eo(—(px + sy + kt)*) f (z, y, 1) (dx)*(dy)* (di)*
by using the equality
Eo(Mz +y +1)%) = Ea(Ax®) Eq(Ay®) Ea (A?)
which implies that

LolEa(—(az + by + ct)) f(z.u.t)] = [ [ J Ba(—((a+p)x+ (b+ s)y + (c+
k)t)*) f (x,y, t)(dx)* (dy)=(di)®.

Hence
Lo[Ea(—(az + by 4+ t)*) f(z,y,t)] = Falp+ a,s + bk + ¢)
4. Multiplication by xayata:
Let
Lol = Fulpsk) = [ [ [ Eul=((p)+(s0)+{00)) o () )t
0 17)
then
8'3&
Lo |x%y“t® f(a, y, t L. t
[yt f(z, y, )] = Opdsok [f(x,y,1)] .
Proof.
L, [z%y*t f(z,y,t)] = /] / 2B, (—px) Yy B, (—sy) t* EL(—kt)” f(x, y, ) (dx)* (dy)* (dt)*
. Jo
(19)
By using the fact DE(Ea(=p"a®)) = =2"Ea(=p"2%) then
L, [x%y“t™ f(x,y.t)]
(20)
— [ [ | e om0 G B = (5)") 5 B (=) (. . ) )" () ()"
|7 s B0 Bl () B (k)" ) () ()
a.’%n
= mLa[f(Ie y,t)]
XII. THE CONVOLUTION THEOREM OF THE FRACTIONAL TRIPLE LAPLACE TRANSFORM
Theorem 12.1 The triple convolution of order « of functions f(x,y,t), and g(x,y,t) can be defined as the expression
T Y t
(f(z,y,t) ¥ % %0 g(x,y,1)) =/ / / f@—=n,y=0,t=7)g(n,0,~)(dn)*(d6)*(dv)",
0o Jo Jo (21)
therefore one has the equality
Lo[(f * % *a 9)(2, 9, 1)] = Lalf(2,y,8)| Lalg(z, y, 1)]. @)

Proof. we apply the definition of fractional triple laplace transform and fractional triple convolution above, the we obtain.

Lol(f # % %0 g) (.9, 1)] = f/ /: Bu(—(p2)™) Ea(—(59)™) Ea(—(kt)*)( * *
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%o g)(x,y, t)(dx)" (dy)*(dt)™,

:f.[/:, Ea(—(p2)") Ea(—(59)) Ea(— (kt)®) M f _[

Sl —n,u

— 0,t —y)g(n. 6, 1’)(03'??)“(&’-9)“(0’?)6‘} (da )= (dy)™ (dt)=, 23

let uw=x —n, v=y— 6, w=1¢— v and taking the limit from 0 to oo ,it gives

= [ J J5° Ea(—p"(u + n)*)Ea(—s(v + 6)*) Ea(—k™(w + ~)*)
< [ [ J5 flu.v,w)g(n, 0,~)(dn)*(dd)>(dy)~,
= [ J5~ Ea(—pu®)Ea(—5"v?) Ea(—k*w®) f (u, v, w)(du)* (dv) (dw)"
< [ [ JoT Bal=p"n") Ea(—5"0")Eq(—k*~™).

= La|f(z,y,t)]Lalg(x,y,t)].

X1 INVERSION FORMULA OF TRIPLE FRACTIONAL LAPLACES TRANSFORM

Firstly, we will set up definition of fractional delta function of three variables as follows
Definition:=  Three variables delta function da(x—a,y—b,t—c)

of function order o, 0 < o< 1, can be defined as next formula
a1 and_.3
S S oy x-ay-btoyax)dy)idni=a’gabe). (24)
R R R
In special case, we have
S S S a0y, (xy. (@) dnP=ag(0.0). (25)
R R R
Example 13.1 We can obtain fractional triple Laplace transform of da(x—a,y—b,t—c) as follows
Ly[ba(x—a,y—=b.t—c)] = [ / fx Eo(—(pr4sy+kt)*)8a(x—a, y—b, t—c) (da)* (dy)* (dt)®, -
J 1o 26
=a%E,(-(pa+sb+ko)?)

In particular, we have L_[d, (x,y,0] =

XIV. RELATIONSHIP BETWEEN THREE VARIABLES DELTA FUNCTION OF ORDER o AND
MITTAG-LEFFLER FUNCTION

The relation between Ea(x+y+t)al and da(x,y,t) is clarified by the following theorem
Theorem 14.1 The following formula holds

a3

" S JE(Cw0P)E,(i(-hy)D)E (i(-a ) (dw)?(dh)(da)®=d (x.y.0). (27)
a R R R
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where Ma satisfy the equivalence Ea(i(Ma)a)zl, and it is called period of the Mittag-Leffler function.
Proof. We test that (27) is in agreement with

o= /R /RfH Euli(we)®) Ba(i(ny)*) Ea(i(06)*)da(a, y, t) (da)* (dy)" ()",

we replace da(x, y, t) in above equality by (27) to get

(28)

o = [o [ [aldz)*(dy)*(dt)™ [, [ [a Un}‘“ Eo(1(wx)™) EL(i(ny)*) EL(i(68)")

X Ey(i(—ux))E,(i(—v ?;)“)E,”(.r(—'u ) (du)* (dv)™(dw)™,
= Ju Jo Jalde) (dy)*(@d0)" [y [ [r ey Balia® (w—u)*) Ealiy™ (n—v)*) Ea(it"(6 -
w)*)(du)*(dv)*(dw)*,

Ji S S ) (at)* o o e Bl i=n)) i) B =) ) (ds) k),

— [ [ S 0o, v, 1) (dz)™ (dy) > (dt),

=0S,

Note that one has as well
03 : Y i AN Al OO AN A\ @ o P
AT /R /R /R E () B i) B i(~00)°) ) () (d8)" = .3, ) 20

XV. INVERSION THEOREM OF TRIPLE FRACTIONAL LAPLACE TRANSFORM

Theorem 15.1 Here we recall the fractional triple Laplace transform (11) for convenience

Lalf(z.3,0)] = F(p, 5,k) / / ] ~(prt sy+ke)) f(z,y, 1) (do)(dy)" (D),

and its inverse formula define as

(30)

Flaay,t) = wlﬁ [ | [ [ : Eu((p + sy + k)*)Fu(p, 5, ) (dp)® (ds)*(dt)° -

Proof. Substituting (30) into (31) and using the formula(27) ,respectively, we obtain in turn
flxu.t) = Grys= S J S5 Ba(pz)® Ea(sy)® Ea(kt)*(dp)™ (ds)* (dt)™
< [ ST Bal—(px + sy + kt)*) f(u, v, w)(du)*(dv)* (dw)™,
= aissw S S ST F(0.0.7) (dn)* (d0)> (d~)°
< [ [ [ BEa(p® (@ — 0)*) Ea(s™(y — 0)%) Ea(k*(t — 7)) (dp)*(ds)*(dk)",
= i S S S A F(0.0.9)0a(n — .0 — y, v — ) (dn)(dO)™ (dy)>
=5 SIS f(n,0,7)0a(n —x,60 —y,~ — t)(dn)™(d6)* (dv)™,
= flx,y,1).
XVI. CONCLUSION
In this present work, fractional triple Laplace transform and its inverse are defined, and several properties of fractional triple

Laplace transform have been discussed which are consistent with triple Laplace transform when o = 1. Moreover convolution
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theorem is presented.
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