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Abstract:- In this paper, we will see the interest of the
simulation of random experiments in a study of
mathematics education, especially in probability modeling.
Through simulations accompanied by a questionnaire, we
were able to explore various conceptual difficulties among
students concerning the teaching of probability theory at
the university. Indeed, on the one hand, these difficulties
revolve around the basic probabilistic notions,
contributing to the modeling through the random variable
notion. For example, difficulties to adopt the frequency
approach to estimate the fortune of the gambling player,
difficulties in identifying a random experiment, difficulties
in constructing the random variable appropriate to a
probabilistic situation, etc. On the other hand, this
simulation innovation also allowed students to explore a
cognitive model for two probabilities to have a “heads” p
and 1 —p of intuitive estimation of “the fortune of the
player”. Moreover, many students arrived to put the
frequency approach of probability on availability thanks
to the observation of the repetitions whose simulation
allowed them. The challenge of this work is to integrate
numerical simulations into teaching in order to explore the
learning difficulties of students and to evaluate their
learning. In this way, students will be able to construct
their lively concepts, which will be available to engage in
probabilistic modeling.

Keywords:- Simulation, conceptual difficulties, random
experiments, random variable, probabilistic modeling.
l. INTRODUCTION

Digital treatments have become indispensable in
various fields of our daily life [1]. These treatments solve very
complicated problems through the study of massive data “big
data” [2], as well as through qualitative processing of statistics
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that focuses on reduced samples. In our didactic study, we
integrated a digital support that relies on the generation of
pseudo-randomness in order to build a random experiment that
we will explore with the conceptual difficulties that hinder
probabilistic modeling of students.

In general, the teaching of probabilities at the
university level is accompanied by enormous conceptual
difficulties of the students, because the notion of probability is
often introduced from its axiomatic definition. In fact, this
definition marks a major break with the equiprobability model,
a model previously used by students through high school
education which is essentially limited to typical probabilistic
situations using finite possibilities universes. The difficulties
become more widespread when they are confronted with
problem situations that require in their resolution the
development of a probabilistic model using random variables.
It is this type of situation that we have chosen for our
experimentation, with the integration of the simulation of
random experiments.

Our choice of conducting random experiments in the
form of computer simulation has been guided by the following
reasons.

e The possibility of repeating a very large number of times
with the same random experiment, under the same
conditions, in a fairly limited period of time. Such a
possibility of repetition of a (pseudo) random experiment
is in favor of a frequency approach to probabilities,
necessary for a probabilistic apprehension, but also for the
application of the law of large numbers in an
experimental setting [3] [4].

e The development of probabilistic intuition for
probabilistic modeling, through the identification of
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random variables that are relevant to the probabilistic
situation being treated [5] [6] [7] [8].

e The possibility of changing the parameters of the
probabilistic situation treated in the simulation, in this
case the advantage of the player in each game, the number
of game parts, and to assess the impact on the question
being dealt with, namely the fortune of the player. It is, in
fact, flexibility in the choice of the conditions of the
random experiment [9].

The problematic of the present research is to explore,
through the computerized simulation of random experiment of
the different conceptual difficulties among students during
probabilistic modeling.

1. EXPERIMENTATION: SIMULATION AND
QUESTIONNAIRE

The student handover on the questionnaire, designed
in an open manner, was done individually accompanied by the
simulation of random experiment, over an overall average
duration of two hours. The sample of 27 students surveyed, all
volunteers, was extracted from the population of students who
validated" the probability module in the third semester of the
six-semester of third year (B. A). The choice of students
having validated the module of probabilities, to better assert
the credibility of the results obtained.

In addition to the choice of use of computer
simulation, the choice of treated refers to a situation of
gambling, and this for obvious epistemological reasons.

The situation-problem is stated first to the students in
all its generality is as follows.

& A player throws successively and independently N times a
coin. The probability of getting at each throw the “heads” side
is p, with 0 < p < 1. Each time he gets a heads he wins 1 DH,
otherwise (if he gets a “tails”) he loses 1 DH. Calculate the
fortune of the player at the end of the game >.

The experimental protocol of the probabilistic
treatment of this game situation is divided into the following
steps:

e Identification of the parameters of the game situation, in
this case is the probability p of winning at each part of the

! These students have eaither validated this module with an
average greater than or equal to 10/20, or by compensation
with other modules of the third semester of the basic licence
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game and its intuitive interpretation [10] in terms of the
equitable game.

Under what condition(s), the game is:

Duration . Favorable to Unfavorable to
equitable

of a game the player. the player
N=2 | ......... | .|
N=3 | ......... | ... |
N=5 | ......... | ... | .
N=10 | ......... |  ooooeo | .

N=100 | ......... | ... | ol

Table 1 : Intuitive exploration of game settings

e The treatment of the problem with simple values of its
parameters, in this case the parameterN representing the
duration of the game.

e The simulation of the game for various values of the
parameters of the game 0 < p < 1 which represents the
probability of gain to a part of the game, and N the
duration of the game.

Fortunes

Expériences

Voulez vous répétez cette partie :N=10,p=0.3]?| Oui | Non |

Fig 1:- Simulation of the game for N=10and p =0.3

Fortunes

0 J‘ \ Parties

|
— ]

e PN T EV Y =S [P P [N Y
|
|1
|

Voulez vous répétez cette partie (N=10, p=0.3) ?| Oui | Non |

Fig 2 :- Repetition of the previous simulation a 20 times
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e The comparison of the results of the simulation with those
obtained during the treatment of the problem with
simplified data of the parameters.

The experiment was conducted with 27students all
volunteers, and lasted on average 2 hours with each of them.

The analysis of students' productions was done
according to a qualitative procedure in order to obtain a
classification of the conceptual representations identified.
Indeed, the methodological approach is exploratory, with a
reduced number of students (27 students), with in part
individual observations of relatively long duration; it was
relevant to qualitatively analyze students' answers one by one
[11], by looking for common conceptual elements that would
make it possible to categorize the students' conceptual
representations. Thus, the analysis of the productions will be
elaborated in the form of a classification of student conceptual
representations about the notion of random variable and
probabilistic modeling through a random variable concept.

I11. RESULTS AND DISCUSSIONS

A. Intuitive Exploitation of the Situation With
Identification and Interpretation of the Parameters of
the Problem

Through this step, we put the student interviewed in
front of an intuitive exploration of this game situation where
he will be led to identify the parameters of the game with an
intuitive interpretation of each of its parameters.

Question 1: On which condition (s) is the game equitable?
Question 2: Complete the table 1 with your answers.

This game is equitable if p = 1/2, favorable to the
player if p > 1/2 and unfavorable to this player if p < 1/2.

In fact, 88% of students surveyed were able to give
this interpretation:

Approach to equitable play
conditions

Percentage 78% 22%
Table 2 : the intuitive exploration results

Correct | Incorrect

In question 2 of this step, the students surveyed also
felt intuitively the conditions when the "Favorable game to the
player" or "Unfavorable game to the player”. Here, the results
obtained in question 2:
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Approach conditions when the game is

favorable and unfavorable to the player Incorrect

Correct

Percentage 21% 79%

Table 3: Intuitive exploration results when the game is
favorable or unfavorable to the player

The results obtained on this question are very
surprising! There is a complete reversal between the success
and failure rates between questions 1 and 2. The fact of having
integrated the parameter N, the duration of a game, explicitly
in question 2 completely disrupted the intuitive approach. For

example, the answers of the student E5:

Duration of Equitable Favorable to | Unfavorable
the game the player to the player
N=2 p=1/2 p=1 p=20
N=3 impossible p>2/3 p<1/3
N=5 impossible p > 3/5 p<2/5
N =10 p=1/2 p>6/10 p < 4/10

N =100 p=1/2 | p>51/100 | p < 49/100

Table 4: The Answers of the Student E5

B. Problem solving for N =2 then for N =3, with
0<p<1

A tree procedure (using a weighted binary tree) or a
complete counting procedure [3] [12] [5], both make it very
easy to calculate the fortune f of the player at the end of a
game:

For N = 2,weobtain f = 2[p?—(1—p)?]=22p—1).
For N = 3, we get
f =3p*+p*-p)-p@l-p)’-1-p)’1=32p-1)

It is a question here of doing a complete
combinatorial treatment, in the absence of a modeling of the
problem by means of a relevant choice of random variables.

In this question, students are led to implement
probabilistic modeling using random variables, in the absence
of complete combinatorial processing. Moreover, it should be
noted that prior to this question, the previous questions were
intended to have a first intuitive input into this problem, by
identifying the parameters of the problem, and their possible
effect on the equitable game. The students' responses showed
that 70% of them resorted to the notion of random variable,
and that the remaining 30% were limited to simple probability
calculations. We shared student responses into five categories.
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Categoryl (48%): "Modeling the situation-problem using a
random variable designating the fortune of the player"

Approach Correct Incorrect

Percentage 54% 46%

Table 5: Category 1 approaches

Category2 (7%): "Modeling the situation-problem using a
random variable denoting the gain of a player"

Approach Correct
Percentage 100%
Table 6: Category 2 approaches

Category3 (15%): "Confusion between the player's fortune
and the player's winnings"

Approach Incorrect
Percentage 100%
Table 7: Category 3 approaches

Category 4 (11%): "Modeling through probabilistic treatment”

Approach Incorrect
Percentage 100%
Table 8: Category 4 approaches

Category 5 (19%): "Others"

Approach Incorrect
Percentage 100%
Table 9: Category 1 approaches

The fact of having proposed the treatment of the
situation-problem in the particular cases N = 2and N = 3,
prior to simulation of the game, was doubly important in our
experimental protocol:

e After identification and interpretation of the parameters
involved in the situation-problem (previous questions), we
put students in a probabilistic modeling situation in two
simple cases (N = 2 et N = 3).

e After dealing with the problem in the two simple cases
N =2 and N =3, we put the students in confrontation
with the results provided in the first step, then allow them
to perform simulations of the game with various values of
the parameters of the problem, in the objective to prepare
them for a better entry for the treatment of the general case
of the problem.

Nevertheless, in some probabilistic treatments,
especially in categories 3 and 4, we have again found
conceptual difficulties in the interpretation of a mathematical
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expectation of a random variable, and especially in its
application from its mathematical formulation.

C. Comparison of the results between the intuitive
exploration of the situation and the treatment of its
casesN=2and N =3

This step is necessary in the protocol of our
experimentation: the confrontation of the intuitive approach of
the students to recognize the situation of equity of the game in
the face of the results obtained as for the fortune of the player,
at the end of the game in the particular cases N = 2 and
N = 3.

Indeed, all of the students who correctly formulated
the conditions of equitable game in questions 1 and 2 of step 1
of the experimental protocol, including those who gave
extreme conditions, ie a total of 30% of students interviewed,
concluded that there was a compatibility between the results in
questions 1 and 2 and those in question 3: this is simply
explained by the fact that all students have correctly resolved
the problem in particular cases N = 2 and N = 3.

However, for the remaining students, the breakdown
is as follows:

e A majority of 59% of students who recognize that there is
an incompatibility between their results in questions 1 and
2 (step 1) and their result obtained in question 3: this is not
surprising because all these students have given irrelevant
answers to the three questions 1, 2 and 3. However, some
of them continue to want to question the fact that an odd
number of experiments in the game, is "certainly a cause"
that could "explain™ this difference between their intuitive
approach and their result from question 3. Step 3 of the
experimental protocol, will most likely be discriminatory
for this category of students, for further processing of the
problem situation "Fortune of a player."

e A minority of 11% who did not give an answer to question
3: these same students did not give answers to questions 1
and 2!

D. Simulation of the game with different values of the
parameters N and p for the estimation of the fortune of
the player and implicit identification of the variables
intervening in the modeling of the problem

In this step, we try to explore the simulation of this
game situation for different values of the parameters N and p,
on the one hand to estimate the fortune of the player using a
frequency approach at the end of a part of the game, and
secondly to analyze and interpret the evolution of the game
through representations provided during the simulation: the
role of the simulation is to allow students to judge the effect of
the parameters N and p on the fortune of the player, and
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especially to identify the relevant random variables for
modeling the problem.

In the simulation of the random experiments of the
situation-problem "Fortune of a player", we noticed essentially
two difficulties with the students one of conceptual order and
the other relating to the interpretation of the question posed by
the chosen game situation.

A large number of students simulated the game for
different values of the parameters N and p of the problem,
without repeating the random experiment a sufficient number
of times to be able to draw a suitable estimate of the
expectation of the gain of the player.

For example, for the student E20, the number of
simulation repetition of a random experiment under the same
conditions does not exceed 5 times which is not in favor of
good estimates of the "fortune of the player ".

Duration Estimation Estimation Estimation

of a game P | of Fortune p of Fortune | P | of Fortune
N=2 0.5 172 0.4 -2 0.6 2
N=3 0.5 1 0.3 -1 0.7 1
N=10 | 05 2 0.25 0 0.75 -1
N=50 | 05 -1 0.2 2 0.8 0

N =100 | 05 1 0.1 1 0.9 2

Table 10: the estimation of the fortune of the player through
the simulation by the student E20

The difficulty put forward by these students is
certainly that of the unavailability of the frequency approach
in the context of random experiments, which is essential for
making estimates, especially for a mathematical expectation.

Moreover, students' lack of familiarity with (pseudo)
random experiments (using a computer simulation) must also
have had an effect on their experimental approach: multiply
games, changing each time the values of the parameters N
and p.

The unavailability of a frequency approach in a
situation of simulation of random experiments is a conceptual
difficulty for students who do not have a priori. The frequency
approach represents a necessary (and minimal) condition in
terms of conceptual representation in probabilistic situations,
so that students can derive optimal benefit by repeating the
random experiment (under the same conditions) a sufficient
number of times for an exploration (for various estimates) of
the results provided by the repetition of random experiment.
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Note also that the practice of random experiments, as
it is posited in the situation-problem of ruin of a player that we
propose, is also an opportunity for students to empirically treat
the results of some fundamental theorems, in probability
theory, such as the law of large numbers and the central-limit
theorem.

IV. CONCLUSION

The student simulation approach to estimate the
"Player's Fortune™ for various values of the N and p
parameters, showed that not all students naturally had a
frequency approach in a (pseudo) situation of random
experiment. Some, such as students E15, E20 and E26, have
operated according to an approach that does not translate the
frequency aspect to make estimates, with one extreme case,
which is that of the students E26 who does not have a
frequency approach in probabilistic situation: it performs only
one random experiment!

That said, we also found that as they performed
simulations, students generally increased the number of
repetitions of (pseudo) random experiments (with fixed N
and p): this is therefore in favor of the development of their
frequency apprehension of a probabilistic situation.

This repetition of (pseudo) random experiments was
also, as was noticed (and expected) by our experimental
protocol, a means (empirical tool) to better identify the effect
of each of the parameters and on, first of all, the random
evolution of a game situation, and then on "the fortune of the
player".

Regarding the estimation of the "player's fortune"
itself, except for students who have a frequency approach and
who appropriately estimate "the fortune of the player"”, there
remains a significant proportion (56%) of students who
continue to erroneously estimate "the player's gain”, by
excluding certain results of random experiments that they

consider "impossible”, especially for p = % and odd p.

However, in such situations, they see well evolution
(pseudo) randomness of the game, as well as the fortune of the
player at the end of the game!

This last estimate approach is of course wrong,
especially when students do not refer to "the fortune of the
player" but to the gain of the player at the end of the
experiment (number of head).

Finally, we note that the students E1 and E3, using
their simulations, have been able to conclude that the estimate
of "the fortune of the player" in a game where the advantage
of the player is p, must be the opposite of a game where the
player's advantage would be 1 — p.
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The majority of students who have advanced in the
exploration of the situation-problem, and who in this case
have succeeded thanks to the simulation to identify and
interpret in a relevant way the random variables involved in
the modeling of this problem.
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