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Abstract:- Here we consider lossy transmission lines 

terminated by a circuit consisting of linear and 

nonlinear RCL-elements. Using the Kirchhoff’s laws we 

derive boundary conditions and formulate the mixed 

problem for hyperbolic system describing the lossy 

transmission line. Then we reduce the mixed problem to 

an initial value problem on the boundary. To obtain a 

distortionless propagation we change variables and 

formulate a mixed problem for the hyperbolic system 

with respect to the new variables. The nonlinear 

characteristics of the RLC-elements generate 

nonlinearity in the equations of neutral type on the 

boundary. Since we are not able to eliminate some 

transitional currents and voltages we have to consider a 

system of 6 equations for 6 unknown functions. Under 

Heaviside conditions we show that natural solutions are 

distortionless ones. By means of fixed point technique we 

prove existence-uniqueness of an oscillatory solution. 
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I. INTRODUCTION 
 

 

The main purpose of the present paper is to analyse a 

lossy transmission line terminated by a particular circuit 
consisting of linear and nonlinear RCL-loads shown in Fig. 

1. The case of lossless transmission line is considered in the 

recent paper [1] using the methods from [2]. Various 

problems concerning transmission lines can be found in [3]-

[19]. Here we obtain conditions for existence-uniqueness of 

a generalized oscillatory solution. In Section 2 we formulate 

a mixed problem for the lossy transmission line and derive 

the boundary conditions using the Kirchhoff’s law. The 

nonlinear characteristics of RLC- circuit generate nonlinear 

boundary conditions. The main difficulty here is caused by 

the fact that some additional currents and voltages cannot be 
eliminated and we succeed to reduce the problem to 6 

equations for 6 unknown functions. In Section 3 we 

transform the hyperbolic transmission line system in a 

diagonal form under the Heaviside condition and formulate 

the initial and boundary conditions with respect to the new 

variables. We show that oscillatory (not periodic) solutions 

are specific for such problems. In Section 4 we give an 

operator presentation of the oscillatory problem. In Section 

5 we prove an existence-uniqueness theorem for the 

oscillatory solution by fixed point method. In Section 6 

using numerical example we demonstrate how to apply our 
method to particular problems.  

 

 

 

 

II. DERIVATION OF THE BOUNDARY CONDITIONS 

FOR LOSSY TRANSMISSION LINE SYSTEM AND 

FORMULATION OF THE MIXED PROBLEM 
 

We proceed from the lossy transmission line system of 

equations  
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Where L is per unit-length inductance, C – per unit-

length capacitance, R – per unit-length resistance and G – 

per unit-length conductance,   is the length of the 

transmission line, LCv /1  is the speed of propagation 

and / (1/ )T LC   LC   is the time delay. This 

system is of hyperbolic type and we formulate the mixed 

problem for (1): to find a solution

  ),(),,( txitxu For 
2( , ) {( , ) : 0 , 0},x t x t R x t         

Satisfying the initial conditions 

 

    
][0,for )()0,(),()0,( 00  xxixixuxu .        (2) 

 

where )(),( 00 xixu are prescribed functions. To derive 

the boundary conditions we proceed from Fig. 1. The main 
difficulty is caused by the circuit configuration shown on 

Fig. 1. Using the Kirchhoff’s laws we find relations between 

currents and voltages. The problem is to choose the 

unknown functions and the number of equations in order to 

obtain compatible system. We assume that 1R  and 11L  are 

linear loads, that is, ),()(
111

tiRtu RR 
 

 
Fig 1:- Lossy transmission line under Heaviside condition 

terminated by RLC- circuit 

http://www.ijisrt.com/


Volume 3, Issue 10, October – 2018                                      International Journal of  Innovative Science and Research Technology                                                                   

                                                                                                                         ISSN No:-2456-2165 

 

IJISRT18OC325                               www.ijisrt.com                                                                696 

,
)()()()(

)( 11
11

11

11

01111111

11 dt

tdi
L

dt

tdi

di

idL

dt

idL
tu

LL

L

LL

L 

 

)(  while
101010 CuCC  , )(

1111 CuC  and )(
101010 LiLL    

 

are nonlinear ones which means
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We notice that 
11

( ) ( , ),Cu t u t 
1 10
( ) ( )R Li t i t  and 

10 11
( ) ( )C Li t i t . Proceeding as in [1], [2] the Kirchhoff’s 

Current Law gives: 
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Similarly, the Kirchhoff’s Voltage Law gives 
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Finding appropriate relationships between the 

unknown functions we obtain the system 
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Having considered )()(
1110

titi LC  we obtain the 

right-hand side boundary conditions: 
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Similar reasoning leads to boundary conditions for the 

left-hand side of the line: 

    0,0),0(),0()( 0  ttiRtutE .         (4) 

 

Therefore the boundary conditions are (3) and (4). 

Now we are able to formulate the following mixed 

problem for (1): to find a solution ),(),,( txitxu  of (1) in  , 

satisfying the initial conditions (2) and boundary conditions 

(3), (4). 
 

III. TRANSFORMATION OF THE HYPERBOLIC 

SYSTEM IN A DIAGONAL FORM 
 

Let us write down (1) in a matrix form: 
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To transform A into a diagonal form we form a matrix by its 

eigen-vectors  
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Then we multiply the matrix equation 
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The Heaviside condition / /G C R L  implies  
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A new substitution  
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Now we are able to formulate a mixed problem in the 

new variables: to find a solution of (6) satisfying initial 

conditions 
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and boundary conditions obtained after substituting in (3), 

(4) the voltage and current from (7): 
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Integrating (6) along the characteristics we have 
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We assume that the unknown functions are 
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the denotation CLZ /0   we have to solve the following 

system consisting of differential equations with constant 
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So we have obtained a particular case of neutral 

system of differential equations with retarded arguments. 
 

It is proved in [2] that the above initial value problem 

is equivalent to the mixed problem for the hyperbolic 

transmission line system (6). The needed initial functions 

we can obtain by transition of the initial functions along the 

characteristics of the hyperbolic system from ],0[   to 

],0[ T . This means that T becomes an initial point of the 

initial interval ],0[ T . The exponential multiplayer in (10) 

shows that we cannot look for periodic solutions. So we 

have to solve the following problem: to find an oscillatory 

solution of (10) on ),[ T , where 0 0( ), ( )W t J t  are 

prescribed initial oscillatory functions defined on ],0[ T . 
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 Operator presentation of the oscillatory problem  
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Introduce the sets for the unknown functions 
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( 0,1, 2,...)k  where ,,,,
1100 CL JJJW  are positive 

constants and 0 0 const 0.T     

Introduce the following families of pseudo-metrics 
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The set 
1010 CLJW MMMM   turns out into a 

complete uniform space with respect to the countable 

saturated family of pseudo-metrics (cf. [1]) 
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An operator 
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is called contractive if 

 

 
10 10 10 10

0 ( ) 10 10 10 10

( , , , ), ( , , , )

( , , , ), ( , , , )

k W J L C W J L C

j k L C L C

B B B B B B B B

l W J J J W J J J




 

where 10 l  and AMMMMAj CLJW 
1010

: . 

Here the index set is  ,...2,1,0A . The map j  is defined as 
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Define the operator 
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where 
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We assume  
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It follows 
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Now we formulate the main problem: to find an 

oscillatory solution ),,,(
1010 CL iiJW  of the system (10) 

coinciding with prescribed oscillatory initial functions 
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on the interval ],0[ T  
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then 
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Proof: We first prove that functions defined by the 

formulas (11) are continuous ones. Indeed, the continuity of 

the first component is obvious. For the second one we have 
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For the another component we proceed in a similar way. 
Lemma 1 is thus proved. 

Further on we call a generalized solution of the 

oscillatory problem (10) the solution of the equations  

 ,, JWBW W  
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 
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L
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101010
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C

 , 

that is, the fixed point of the operator B. In this manner we 

avoid the conformity condition [2].  

 

I. Existence-uniqueness of an oscillatory solution  
 

Theorem 1. Let the conditions (U), (L), (C) be fulfilled and 

also the conditions: 
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Then there exists a unique oscillatory solution of (10). 

Proof: We show that B  maps 
11 CLJW MMMM   

into itself. Indeed, for ],[ 1 kk ttt  we have 
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where   1,,,max
11
 CLJW KKKKK . In view of fixed 

point theorem from [2] and a remark in [18], the operator B 

has a unique fixed point which is an oscillatory solution of 

(10). 

Theorem 1 is thus proved.  
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IV. NUMERICAL EXAMPLE 
 

Here we collect all inequalities guaranteeing an 

existence-uniqueness result.  

For a transmission line with length ,01 m  
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V. CONCLUSION. 
 

The solution can be approximated by an iterative 

sequence of successive approximations. 
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