Volume 4, Issue 5, May- 2019

International Journal of Innovative Science and Research Technology

ISSN No:-2456-2165

Square Difference Labeling of Some Special Graphs

1Jagadeeswari. P
Department of Mathematics
1Ph.D Scholar, Mother Teresa
Women’s University, Kodaikanal,
Tamilnadu, India.

Abstract:- In this paper, we prove that some special
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(KY,K?), cno K, generalized theta graph @[¢™],
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I.  INTRODUCTION

The square difference labeling were introduced by
Shiama [6]. For our study, we consider a simple,
undirected, finite graph and we follow [1, 5] for all
terminology and notations.

A dynamic survey on graph labeling is regularly
updated by Gallian [2]. K. Manimekalai and K.
Thirusangu [4] investigated pair sum labeling of
generalized theta graph and subdivision of the edges of
the star. E. Esakkiammal proved that the square graph of
comb are square difference graph [3].

In section 2, we present some definitions, which are
needed for the present work.

In section 3, we prove the existence of square
difference for some special graphs.

Il.  DEFINITIONS

» Definition 2.1

A function of a graph G = (p, q) is said to be a
square difference graph if it admits a bijective function g
'V = {0, 1, 2, ... p—1} such that the induced function g *
: E(G) — N given by f *(xy) = |[f(X)]>= [f(y)]} are all
distinct, Vxye E(G).[6].

» Definition 2.2
A subdivision graph S(G) is obtained from G by
subdividing each edge of G with a vertex [4].

» Definition 2.3
Consider G = (K" Kﬁ) is the graph attained by

1n?
joining apex vertices of stars to a new vertex x.
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» Definition 2.4

The corona of two graph G and H is the graph
obtained by taking one copy of G and |V(G)| copies of H
and attaching each i apex of G to every vertex in i"" copy
of H.

> Definition 2.5
Bistar is the graph attained by joining the apex
vertices of two copies of star Ky .

» Definition 2.6

A generalized theta graph consisting of k > 2
internal disjoint paths of length | with the same end points
u & v and denoted as 8[£I™] [4].

> Definition 2.7

Let P, be a path graph with n vertices. The comb
graph is defined as P, © Kj. It has 2n vertices and 2n-1
edges [3].

» Definition 2.8

The G2 of an undirected graph G is
another graph that has the same set of vertices, but in
which two vertices are adjacent when their distance in G
is at most 2. [3]

The structure of square graph of comb is given
below.

i i3

(]

Fig 1:- Square Graph of Comb
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1. MAIN RESULTS

A. Theorem 3.1
The subdivision of the edges of the star K1, admits
square difference labeling.

» Proof

Let G be a graph obtained by the subdivision of the
edges of the star graph Kin with V(G) = {v, ui, w; /
1<i<n}, where u; & w; are adjacent vertices of v and u;
respectively and
E(G) = {vui, uiw; / 1<i<n}
Then [V|=2n+1& |E| = 2n
Now define the function f :V(G) —» {0, 1, ..., 2n} as
fv)=0
f(u) = 2i-1
f(wi) = 2i
and the induced function f *: E(G) —N given by f
“(wv) = |[fWI*~ [f(V)]3, Yuve E(G). For the above
labeling pattern, we attain the edge labels f * as,
For 1<i <n,
f*(v, uj) = (2i-1)?
f*(ui, Wi) =4i-1

Thus the entire 2n edges receive labels that are all
distinct and strictly increasing sequence. Hence the
theorem. The example of S(Ky5) shown in figure 2.

S m BE 8 s R

Fig 2:- SDL for S(Ky,;5)

B. Theorem 3.2
The graph (K&

l'n,ng)is a square difference

graph.
> Proof

Consider a graph G with |[V(G)| = 2n+3. Let x; and
Yir j =1, 2, ... n are the vertices of Kﬁz and K®)

respectively and let x and y are the apex vertices of the
same, which are adjacent to common vertex w.
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Define a mapping g: V(G) — {0, 1, ..., 2n+2} as
9(x)=0
g(y)=1
g(xj) = j+1and
a(y;) = f(xn)+j, for1 <j<n
g(w) = 2n+2

Then the induced edge function g yields the edge
labeling as follows.
g (xx;) = (i+1)°
g (vyp) = (n+j+1)*-1
g (wx) = (2n+1)?
g'(wy) = (2n+1)>-1

Hence g*(ei) 2g°(g)), Vei, jeE(G). i.e., all the edge
labeling are distinct. Therefore the graph G is SD graph.

For instance, (K%, K%) are shown below.

Fig 3:- SDL for (K, K®)

C. Theorem 3.3

The generalized crown Cn O Rn admits SD
labeling.

» Proof
Let the vertex set V = V1 V,, where
Vi={vi/1<i<m}and
Vo={u® /1<i<m 1<j<n}and
the edge set E = E;  E», where
Ei={viv2 V3 Vs ... v V1} and
E-{viu® /1<i<m 1<j<n}.

Then the cardinality of vertices is mn+4.
Now, define a vertex valued function f : V— {0, 1, ...,
mn+3} as follows:
Forl1<i<mand 1<j<n
fvi) =i-1
f(uPy=m+(@i-1n+j-1

For the above labeling pattern, the induced function
f " satisfies the condition of square difference labeling and
it yields the edge labels as

f*(Vi, Vi+1) =2i-1,1<i<m-1

£ (vm, v1) = [f(vm)]?

746


http://www.ijisrt.com/

Volume 4, Issue 5, May- 2019

Frviu®y = (-1y2-[G+m-1)+ 7(-1)J3, 1 <i<m, 1 <]
<n.

Thus the labeling of edges of G are distinct and
hence the graph Cn © K, admits SDL. The graph C4 O
K7given below.
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Fig. 4:- SDL for C, © K7

D. Theorem 3.4
The generalized theta graph 6[¢[™] is a SDG.

» Proof
Consider G(V, E) = [ £M] with |V(G)| = m(¢-1) and
|[E(G)| = £m. Let us consider the following two cases.

o Case l:
m is even
Let V(G) = V1w Va, where
Vi ={uij, vij / 1<i <61, 1<j <m/2}
Vo ={u, v}
and E(G) = E;w E2U Es, where
Ei={uijui+1j/1 <i<€-2,1<j<m/2}
Ex ={VijVinj/l<i<(-2,1<j<m/2}
Es= {uuyj Vueaj, Uvij, Wea i}
Define f :V(G) — {0, 1, ..., m(£-1)+1} as follows:
f(u) = m(£-1)+1
f(v) = m(¢-1)
f(uij) = 2(i-1)+2(0-1)(-1),
f(vij) = 2i-1+2(¢-1)(j-1), for 1 <i < ¢-1, 1 <j<m/2
The induced function f *: E — N is defined by f "(uv) =
IIFW1?- [f(W]A, ¥ uve E(G), we get the edge labels as
follows.
f"(ei) #0 (mod 8) Vej eE1 &
f "(e)) = 0 (mod 8) Ve; €Ey, here f “(e)) = 0 (mod 4)
contained in f “(g}) = 0 (mod 8) i.e., f “(‘uij Uis1)) < f7(
Vij Visij)
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It is easily observed that f "(ei) = f "(gj), Vei= ¢j €
EG).

Similarly, we receive the edge labels for Esz in the
following sub cases:

v" Subcase 1.1:
When ¢ is odd

f"(uuz ) = 1 (mod 4)

f *(VV[flnj) =3 (mod 4)
f*(uvy))=0(mod 8) = a
f*(vur1,) =0 (mod 8) = b, (a<b)

v" Subcase 1.2:
When £ is even

f*(uuyj) = 1 (mod 4)
f"(w¢a,j) = 3 (mod 8)
f "(uvy) and f "(vu,-1,j) are same as sub case 1.1

e Case2:

m is odd
Define V(G) = ViU VU Vs for 1 <i <£-1&1 <j < m/2..
Consider V; and V; are same as defined in Case 1 and V3

= {wi}

Similarly E(G) = Uj_, Ex, where E1, Ez, E3 are same
as defined in case 1 and Es = {wj Wi+1 ,uws, VW / 1< i <
-2}

Consider the same vertex valued function as
mentioned in case 1 added with

f(wi) = f(Ve, Lmi2)) +i

It induces f ": E — N defined by f *(uv) = |[f(u)]*-
[f(\)]?, Yuve E, when € is odd, we receive the edge
labeling as same as in Case 1.

When ¢ is even, we get
for 1 <j <Lm/2]
f "(uus;) = 0 (mod 4)
f "(v¢-1) = 4(mod 8)
f"(uvyj) = 3 (mod 4)
f"(vueaj) =1 (mod 4)

In addition to this, we attain the induced function f *
for E4 as odd integer with strictly increasing sequence, if
the vertex labeling of one end of the edge labeled with
odd integer and the other end with even integer. Thus, in
both the cases the entire £m edge labels are all distinct.
Hence the 6[¢M] is SD graph. For example, the graph
0[6°1] and oO[6["] are given in Figure. 5(a) & 5(b)
respectively.
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Fig 5:- SDL for 0[61] and 6[6[]

E. Theorem 3.5
The graph H[O[¢[™]] is a square difference graph.

» Proof

Let G = H[O[¢[™]] be the hanging generalized theta
graph with [V(G)| = m(£-1)+3 and |[E(G)| = {m+1.
Let us discuss the following two cases.

e Casel:
m is even
Let V(G) = ViU Vau V3, where
V.= {Ui'j, Vij /1<i<¢1,1 Sj < m/2}
Vs, ={u, v}
Vs ={x}
and E = U3_, Ey, where
Forl<i<¢2&1<j<m/2
E. = {Ui,j Ui+1,,j}
Ez = {vij Vi+1}
Es = {uusj uvy}
Es = {VUK—]_J, Vfolyj}
Es = {XU}
and the bijective function f on V is defined as
Forl<j<m/2,1<i<¢t-1
fx)=0
f(u) = m(¢-1)+2
f(v) = m(¢-1)+1
f(uij) = 2(i-1)+2(€-1)(j-1) and
f(vij) = 2i-1+2(£-1)(-1),

o Case 2:

when mis odd
Define V(G) = = Uj_, Vi, where V; (i = 1, 2, 3) are same
as inthe case 1 and Vj = {w;}.
Similarly E(G) = U$_, Exwhere Ei (i = 1, 2,..., 5) are
same as case 1 and Eg = {w; Wi+ / 1<i<¢-2}. Let the
vertex labeled function are same as mentioned in case 1
added to

f(wi) = f(Ur, Lm2))+i
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For the above vertex labeling we receive the edge
labels for f “( Uij Ui+1)) =0 (mod 8) & f "(vij Vi) = 4
(mod 8) and also the edges Es, E4 are receiving the edge
labels in the manner, 3(mod 4), O(mod 4), O(mod 8),
1(mod 4) then the apex f “(xu) = [m(£-1)+2]? and for Eg
we get the same result as in case 2 of theorem 3.4 . Thus
the edge labeling are all distinct. Hence the H[B[¢[™)]
admit square difference labeling.

F. Theorem 3.6
Duplication of all the edges of C, (n > 3) graph
admits SDL.

» Proof
Consider the graph G obtained by duplicating of all
the edges of C, (n > 3) with
V={x,xi/1<i<n}and
E ={xixip} © {axi} U {xixi } O e} o {exgd

Let the vertex valued function g: V—{0, 1,2, ...
2n—1} be defined as follows.

Forl1<i<n,
g(xi) = 2i
g(x{) =2i-1

For the above labeling pattern, the induced function
g": E(G) —N satisfies the condition of SD Labeling.
Thus, the edges of G receives labels as,
g*(xl-x,-“) = 8|—4, 1<i<n-1
g (xnx) = (2n-2)?
9" (x;x/) = 4i-3 and g"(x]x;41) = 4i-1, 1<i<n
9" (xnx1) = (2n-1)%

Thus all the edge labeling are distinct. i.e., g*(ei)
#9"(ej), Vei = ejeE(G). Hence the duplication of all the
edges of C, graph admits SD Labeling. The example is
illustrated in figure 6.

5 7

Fig 6:- SDL for Duplication of all the Edges of Cs
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G. Theorem 3.7
The Square graph of comb admits square difference
labeling.

» Proof

Let G be the square graph of comb and denoted by
(Pn O Ky)?with the vertex
V={xi,yi/l<i<n}andtheedge E =E;uU E;uU E;s,
where
E. = {Xi Xi+1, Xi yi+1}, i= 1,2,...n—1
E, = {XiXi+2, ini+2}, i=1ton-2
E3 = {xiyi}.
Clearly the number of vertices and edges are 2n & 5n-1
resp.,

Now, the vertex valued function f: V — {0, 1, 2, ...
2n-1} be defined as,
forl1<i<n
f(xi) =i-1
f(yi) = f(xn) +1i

Then the induced edge function f * yields the edge
labeling as follows:
f*(XiXi+1) =2i-1&
f"(Xiyi+1) = (n+1)? + 2(n+1)(i-1), for 1<i<n-1
f "(XiXis2) = 4i
f "(Yixi+2) = (N?-1) + (2n-2)(i-1), for 1 <i<n-2
f*(xiyi) =n?+ 2n(i-1), for 1 <i<n.

Hence f “(ei) = f “(g)) Vei, ejeE(G). i.e., all the edge
labeling are distinct.

Therefore, the square graph of comb (P, © Kj)?
admits SD Labeling. The example of (P, O K;)?is shown
below.

Fig 7:- (P4 © K4)? is SD Graph
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H. Theorem 3.8
The graph Bin is a square difference graph (n < 4).

» Proof
Consider the graph G = B

{u, v, uiv; / 1<i<n} and the edge set be
E = {uv, uu;, wi, uiv, viu}. Then |V(G)| = 2n+2& |[E(G)| =
4n+1.

2

nn With the vertex set V =

Now define a vertex value function f : V— {0, 1, 2,
... 2n+1}as,
fluy=0
fv)=1
flu)=2i, &
f(vi) = 2i+1, for 1<i<n.
and the induced edge function f * for the above labeling
pattern, we get
f *(uuis1) = (2i)?
fruv) =1
f*(vuis) = (2i)%-1
f"(wis) = (2i+1)2+ 1
f*(uvis) = (2i+1)2

Thus the entire 4n+1 edges receive distinct labels
which form an increasing sequence of positive integers.
Hence the square graph of By, is square difference graph.

SDL of Bz is given below.

:] 5 7 9 1

Fig 8:- Bé,s is SDL

IV. CONCLUSION

In this paper, we investigated that the subdivision
graph, (K&, K®), (Cn@ Ka), 6[eM], H[o[e!™7],

in?
duplication of all the edges of Cn, (Pn O Ky1)?, Bﬁjn are
square difference graph.
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